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Summary. — The fast-slow coincidences between the *43Bi y-rays and 
the *2Po «-particles allow to separate these y-rays from those emitted 
by the other nuclides in equilibrium in the {Th source. We can apply 
this method thanks to the shortness of the half-life of %fPo. From our 
results we can assign to the “Bi some y-rays uncertain in previous 


experimental researches. A decay scheme is proposed. 


1. — Introduction. 


The results on the “Bi y-spectrum obtained in magnetic spectrometers 
by several authors (1) don’t agree very well among themselves. In a previous 
paper (2?) we have reported the y-spectrum of this nuclide obtained by means 
of a scintillation spectrometer. 

Our results (2), though reliable for practically all the spectrum, are un- 


(1) C. D. ELLIS: Proc. Roy. Soc., A 143, 350 (1934); A. I. ALIHANOV and V. I. DZE- 
LEPOV: Compt. Rend. Acad. Sci. URSS, 20, 113 (1938); S. C. Curran, P. I. Dre and 
J. E. STROTHERS: Proc. Roy. Soc., A 164, 546 (1940); G. D. LarySrv and L. A. Kut- 
CHITSKY: Journ. Phys. USSR, 4, 515 (1941); J. Irom and Y. WarasE: Proc. Phys. 
Math. Soc. Japan, 28, 142 (1941); C. E. MANDEVILLE: Phys. Rev., 62, 309 (1942); 
G. D. LatySEV: Rev. Mod. Phys., 19, 132 (1947); A. JoHansson: Ark. Mat. Astr. 
Fys., A 34, 9, 1 (1947); D. G. E. MARTIN and H. O. W. RicHARDSON: Proc. Phys. Soc., 
A 63, 223 (1950); D. E. MuLLER, H. C. Hoyt, D. J. KLEIN and J. W. DuMonpD: Phys. 
Rev., 88, 775 (1952); D. G. E. MARTIN and G. Parry: Proc. Phys. Soc., A 28, 1177 (1955). 
(2) B. CHiNAGzrA and F. DEMICHELIS: Nuovo Cimento, 4, 1160 (1956). 
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certain for some y-rays. Indeed, since the source consists of Lh in equi- 
librium with its decay products, some y-rays of {Bi can be hidden by the 
prominent peaks of more intense y-rays emitted by the other nuclides. 

°Bi goes, by emitting 8-particles, to the various excited states of °,,Po. 
Po decays by « emission in *$Pb with a half-life of 3.04-107°s. 

We could analyze the spectrum of the y-rays coincident with the 
a-particles of “Po thanks to the shortness of the half-life of this nuclide. 
In this manner we point out all and only the y-rays of “Bi provided the 
excited states of this nuclide live less than the resolving time of our ap- 
paratus. 

We report our experimental results on the y-spectrum and we propose a 
decay scheme of ‘Bi. 


2. — Experimental apparatus and results. 


The experimental set up is the same used in a previous research (3). 
The source consists of a very thin layer of “Th, (in equilibrium with its 
decay products; activity about 1 uc) in order to diminish the influence of 
absorption of the «-particles in the sample. 

The y detector consists of a NaI(T1) crystal (2 in. x2 in.) followed by a 
photomultiplier tube (DuMont 6292). Some measure- 
ments were performed by using a 1 in. x1 in. crystal. 

The « detector consists of a CsI(Tl) crystal 
(0.2 mm thick; 10 mm diameter) followed by another 
photomultiplier tube. 

The energy calibration was obtained with the y- 
rays of ‘70s, Co and the 2.615 MeV of *®Tl and 
with the «-particles of “Po, *;;Po and the 8.776 MeV 
Cie Lo: 

Fig. 1 shows the « spectrum of “Po (energy: 
5.298 MeV); the resolution (full width of peak at 4 
counting rate) is 5%. The «-particles of “Po were 
very well separated from the «-particles emitted by 
the other nuclides. 

One of the single channel pulse height analyzer had the window set on 
the peak corresponding to the «-particles of “Po. The y-speterum in coin- 
cidence with the «-particles of this nucilde was swept, with the various positions 
of the window of the other analyzer, through the range of the y-spectrum. 


600! 


Piotr 


(*) F. DemicHErIS, B. CHiNAGLIA and G. TRIVERO: Nuovo Cimento, in press. 
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goth in equilibrium with its decay products (continuous 
line); y-ray spectrum of *{3Bi (dotted line). Energy is indicated through arrows and 
is in MeV. 


The probable errors of the experimental points of the single spectrum are 
not represented, they are <1%. 


The experimental points of the spectrum in coincidence give the triple 
effective coincidences corrected for random coincidences. 
3. — Discussion. 
It will be seen that the coincidence curve shows the following peaks 
0.20, 0.73, 0.90, 1.10, 1.34, 1.50, 1.60, 1.80, 2.20 MeV. 


Actually the 0.73, 1.34, 1.50, 1.60, 1.80 and 2.20 MeV y-rays which in 


the previous research appeared to be consistent with the results obtained by 
various authors, exist without uncertainty. 


Fig. 2 shows the single spectrum of ‘Th in equilibrium with its decay 


367 
products (continuous line) and the spectrum of the y-rays in coincidence with 
the «-particles of “Po (dotted line). 
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In the range of low energies we observe a y-ray having energy of 0.20 MeV. 
No peak at 0.83 MeV appears in the coincidence spectrum (*). Therefore we 

think that the y-ray of this energy, 
22MeV reported by JOHANSSON must not be 
ascribed to “Bi. It could be considered 


16 belonging to *T1; indeed this nuclide 
has a y transition having energy of 

iat 0.860 MeV. 
0.73 Furthermore we can deduce from 


our results the existence of 0.90 (ITOH 
and WATASE found a 0.96 MeV y-ray) 
0 and 1.10 MeV y-rays. 

Although this latter could be the 
pair production peak of 1.60 MeV re- 
presenting escape of one annihilation 
photon, a y-ray of this energy belongs 
to “Bi according to CURRAN et al. 

Fig. 3. — Decay, scheme of Bi. Long More oven GS E NO Oi 

range «-particles, are not shown. levels originated by the long range 

Dotted level and ray are tentative a-particles and the y-y cascades exper- 

assigments. imentally verified by one of us (4) we 

suggest the decay scheme of Fig. 3. 

However we cannot establish if the 0.90 MeV y-ray is followed by the 

1.34 MeV or viceversa. The proposed level at 0.90 MeV should be verified 
by the £-spectrum. 


82 PD 


* OK % 


The authors wish to thank Prof. E. Perucca for his kind interest in this 
work. 


(*) This result agrees with that of J. BuRpE and B. RoznER (Phys. Rev., 107 II, 
531 (1957)) which appeared while this paper was already submitted to publication. 
(4) F. DeMICHELIS: Nuovo Cimento, 12, 407 (1954). 


RIASSUNTO 


. . da . . . . 222D: . 

Le coincidenze discriminate tra i raggi y del “Bi e le particelle « del *?Po per- 
mettono di separare i raggi y del nuclide in studio, avente periodo di dimezzamento 
estremamente breve (3.04-107? s), da quelli emessi dagli altri nuclidi presenti nella 


. 228 . 4" . . . . . . . 
sorgente di Th in equilibrio. I risultati ottenuti con tale metodo eliminano le incer- 


tezze che ancora rimanevano nelle nostre precedenti ricerche e permettono di dare uno 
schema di decadimento del ?12Bi, 
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CR Sate PRE be, UME 


F. DEMICHELIS, B. CHINAGLIA and G. TRIVERO 


Istituto fai Fisica Sperimentale del Politecnico - Torino 


(ricevuto il 9 Luglio 1957) 


Summary. — The y spectrum of Th in equilibrium with its decay pro- 


ducts has been investigated by means of two scintillation spectrometers 
and a fast slow coincidence set up in the range (0.05—0.76) MeV. From 


our results we may confirm the decay schemes of the nuclides Pb 


and *°Th. For the nuclides Ra and %?Bi we ascertain the existence of 


two y-rays, which fit the energy levels already proposed by other Authors, 


through a direct measurement. Moreover we find some till now unknown 


y-rays which must be assigned to the TI + Pb decay. According to 


these data we propose a new decay scheme for “TI. 


1. — Introduction. 


The research reported in this paper is concerned with the investigation of 
the disintegration schemes of the above nuclides of the thorium series. 

In our experiment the radioactive source contains all these nuclides in 
equilibrium. Therefore the y-spectrum is rather complex, and it is most useful 
to use a fast-slow coincidence method, in order to select from the y-spectrum 
only the energies of the y-rays whose coincidence must be recorded. 

We have improved our conventional coincidence apparatus (1) by adding 
two single channel pulse height analyzers which perform the above selection. 

Owing to these advantages, a reexamination of the y-spectra seemed us 


useful. 


@) F. DeEMICHELIS, R. A. Ricci and G. TrIvERO: Nuovo Cimento, 3, 377 (1956). 
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In conclusion our research gets a direct control of already proposed data, 
as reported in the Table of Isotopes by HOLLANDER, PERLMAN and SEABORG (2) 
and in the New Nuclear Data of the United States Atomic Energy Commis- 
sion, and it has given us some new results. 


2. — Experimental apparatus. 


Fig. 1 shows the block-diagram of the experimental set-up. The source T 


is 228 


ew 35 pc. 


Th in equilibrium with its decay products. Its activity was rather weak: 


Detectors D, and D, consist of two photomultiplier tubes (DuMont 6292) 
with attached NaI(T1) crystals (? in. x? in.) 
Some measurements were performed by replacing one of the above cry- 


stals with a 2in. x2 in. crystal. 


In order to stop completely B-particles from the source, a lead shield Pb 


(1 mm thick) was interposed between source and detectors. 


Fig. 1. — Block-diagram of the exper- 
imental apparatus. D,, D,: Nal(Tl) de- 
tectors and 6292 DuMont photomultiplier 
tubes Sis) So, Ss. Sa, Se, Se: scalers- 
O,: fast coincidence circuit. (t,=1.95- 
-10-7s). C3: triple coincidence circuit 
(73 = 3.08-10-9 8). Am,, Am,: linear am- 
plifiers. 4,, A,: single channel pulse height 
analyzer. B,, B,: pulse height discrim- 
inators. 


The same shield 
reduces the Compton backscattered 
photons; indeed the photons backscat- 
tered from one detector can reach the 
other one, producing false coincidences. 

This antiscattering lead shield is 
faced with a graded shield Cu 
(~ 0.3 mm Cu) to prevent X-rays 
generated in the Pb plate from reach- 
ing the crystal. 

In the range of very low energies 
(80 keV) the measurements were car- 
ried out using either the lead shield 
Pb or a beryllium shield in order to 
make sure that the peak at 80 keV 
was coming from the source and not 
from scattering from the lead covering 

the crystals. 

The pulses from the two detectors 
were fed through the linear amplifiers 
Am, and Am, to the fast coincidence 


circuit C, (resolving time t, = 1.95-10~-’s) and, at the same time, to the single 


channel analyzers A, and A,. 


Pulses coming from C,, A, and A, where fed to the triple coincidence cir- 


(2) J. M. HOLLANDER, I. PERLMAN and G. T. SEABORG: Rev. Mod. Phys., 25, 


469 (1953). 
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cuit C;. In this manner only the pulses which are coincident within the time 7, 
in 0, and which have heights selected by A, and A,, are recorded at the out- 
put of C;. 

The resolving time of this latter is large enough (7; — 3.08-10-* s) in order 
to account for the delays in the two channels for any setting of the pulse 
height dials of the analysers. 

The analyser A, had the window set on the peak of a particular y-ray 
(leading radiation), and the y-spectrum in coincidence with such leading y-ray 
was scanned with the various positions of the window of the analyser A, 
along the energy axis. 

Sealers S,, S,, S; and S, give us the separate counting rates of the pulses 
in order to obtain the accidental coincidences. 

The usual corrections have been made in order to take into account the 
fluctuations in the efficiences of the detectors in the course of time. 

The energy calibration was obtained with the y-rays of ‘Cs, $Co and 
the 2.615 MeV y line of the TL. 


3. — Coincidence results. 


Fig. 2 shows a «total» + spectrum of “Th in equilibrium with its decay 
products in the range of energies (0.05 —0.6) MeV, taken with the single 
channel analyzer A,. The statistical 
errors are not reported; they are 400 
evaluated < 1%. 

In this spectrum, as well as in 
the following ones, energies are indi- 
cated through vertical arrows, and 
are in MeV. 

Fig. 3 shows the spectrum of the 
y-rays in coincidence with the y 
radiation of 2.615 MeV of “TI 
As said in Sect. 2, this spectrum 
was obtained with the window of 
the analyser A, set on the photo- 
electric peak of the 2.615 MeV y-ray, 
and scanning with the analyser A, 100 
(window 0.5 V) the y-spectrum from 
0.05 MeV to 0.76 MeV. 

Owing to the large energy of 
the leading radiation, in this set of 
measurements the detector D, was 
the 2 in. x2 in. crystal. 
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Fig. 4, 5, 6 show the spectra of the y-rays in coincidence with the 0.239 MeV 
of "Pp, 0.277 MeV of **T1 and 0.084 MeV of ‘Th respectively. 


In Fig. 3, 4, 5, 6 the experimental points with their probable errors give 
the triple effective coincidences corrected for the accidental coincidences. 
These latter were obtained from the counting rates of various scalers and the 


SAGA of the resolving times 7, and 73; the accidental coincidences so evaluated 
are in agreement with the values obtained from measurements of non-coincident 
radiations incident on the two detectors from separate sources 
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In order to account for a possible shift of the spectrum along the energy 
axis due to changes of thresholds in the analysers or to changes of the high 
voltage power supply, ete., before each measurement corresponding to each 


ies! 
> 
Ha 
IQ 
Or 


experimental point the apparatus was checked verifying that the position of 
the 0.239 MeV photoelectric peak in the spectrum remained unchanged, and, 
if necessary, it was readjusted. 


In this manner we were allowed to get the final results by summing the 
statistical material of many sets of measurements with consequent impro- 
vement of the accuracy. As a matter of fact for each spectrum the measure- 
ments were repeated at least three times, and for a certain part of the spectra 


even ten times. 


4. — Discussion. 


From the experimental data of Fig. 3, 4, 5 and 6 we can deduce the exis- 
tence of y-rays coincident respectively with the 2.615 MeV, 0.239 MeV, 


0.277 MeV and 0.084 MeV y-rays. 
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As we used a source of © *Th in equilibrium with its decay products, the 
problem arises of assigning the y-rays to the various nuclides present in the 
source. 


0261 


The nuclides whose y-rays are involved in our measurements are listed 
below. In the decay schemes of these nuclides, shown in Fig. 7, 8, 9, 10, 11, 
continuous horizontal lines represent already known levels; dotted horizontal 
lines represent levels obtained from our 
research and not yet reported; y-rays 
are represented by waved lines: conti- 
nuous for already known y-rays, dotted 
and dashed lines for y-rays already 
found by other authors, but not yet ar- 
ranged in the decay scheme, simply 
dotted lines for y-rays obtained from 
our research and not yet reported. 


“oth. — The levels are known from the « emission; moreover the following 
--rays exist having energies 0.084 MeV, 0.137 MeV, 0.169 MeV and 0.212 MeV 
respectively; these rays could originate the proposed decay scheme of Fig. 7 (3). 

According to Fig. 6 the 0.15 MeV and the 0.18 MeV y-rays are coincident 
with the 0.084 MeV y-ray. 

These rays may be assigned either to the decay *$Th > “Ra, or to the 
decay “YTI > "Pb (see Fig. 11). 

However, taking into account all the experimental data, we think that 
the scheme of Fig. 7 could be considered verified. 


(*) F. Asano, F. STEPHENS and I. PERLMAN: Phys. Rev., 92, 1495 (1953); C. J. D. 
JARVIS: Proc. Phys. Soc., A 66, 1074 (1953); F. STEPHENS, F. ASARO and I. PERLMAN: 
Phys. Rev., 96, 1568 (1954). 
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‘Ra. — The levels, as indicated by the « spectrum (1), appear in Fig. 8. 

The 0.241 MeV y-ray is a transition from the first excited state. From 
Fig. 4 we could deduce a coincidence between a 0.25 MeV y-ray and 0.239 MeV 
y-ray which can be assigned to ?°!Ra. 
On the other hand the 0.254 MeV 
y-ray has a low intensity (~ 0.4%) 
and therefore the peak observed is 
not very prominent. 


“Pb. — Fig. 9 shows the decay 
scheme of *{3Pb (*). From Fig. 4 we 
may deduce a coincidence between a 
0.239 MeV and a 0.18 MeV y-ray. 
From Fig. 5 we may deduce a coin- 
cidence between a 0.299 MeV and Fig. 10. 

a 0.11 MeV y-ray. 

On the other hand we cannot exclude that the same coincidence deduced 
from Fig. 4 may be ascribed to the 0.250 MeV and to the 0.164 MeV y-rays 
NAS 29: 

Hence, while we have no doubt in the assignment of the y-y cascade 
(0.115 + 0.299) MeV to the ?5Pb, the cascades (0.175 — 0.239) MeV or 
(0.169 = 0.250) MeV can be assigned either to the decay “Pb — “Bi or to 
the decay *\Tl + Pb (see Fig. 11). 


Bi. — From Fig. 5 we deduce a coincidence between a 0.277 MeV y-ray 
and two y-rays having energies 0.16 MeV and 0.28 MeV respectively. 

While the 0.16 MeV y-ray can be assigned either to the decay "Bi > TI (6) 
(see Fig. 10) or to the decay “ÈT1 + “Pb (see Fig. 11), the 0.286 MeV y-ray 
is certainly a transition in the decay “Bi > TL We can deduce therefore 
the existence of a 0.284 MeV y-ray coincident with a 0.282 MeV y-ray in the 
decay “Bi > 2STI 


(4) S. RosenBLUM, M. VALADARES and M. GuiLLor: Compt. Rend., 234, 1767 (1952); 
D. E. Mutter, H. C. Hoyt, D. J. KLEIN and J. W. M. DuMoND: Phys. Rev., 88, 
775 (1952); F. Asaro, F. STEPHENS and I. PERLMAN: Phys. Rev., 92, 1495 (1953); 
S. ROSENBLUM, M. VALADARES and M. GuILLOT: Journ. Phys. et Rad., 15, 129 (1954). 

(5) J. SuRUGUE: Journ. Phys. et Rad., 7, 145 (1946); N. FEATHER, J. KYLES and 
R. W. PRINGLE: Proc. Phys. Soc., 61, 466 (1948); D. G. E. MARTIN and H. O. W. Rr- 
CHARDSON: Proc. Roy. Soc., A 195, 287 (1948). 

(6) B. B. Kinsey: Phys. Rev., 72, 526 (1947); A. Ryvz: Journ. Recherches Centre 
Nat. Recherche Sci. Labs. Bellevue, no. 25, 254 (1953); I. PERLMAN and F. Asaro: 
Ann. Rev. of Nucl. Sci., 4, 157 (1954); G. H. BrIGGS: Rev. Mod. Phys., 26, 1 (1954); 
O. B. NIiELSEN: Dan. Mat. Fys. Medd., 30, no. 11 (1955). 
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2087]. — Fig. 11 shows the decay scheme of *&TI. 

From Fig. 3 the 2.615 MeV y-ray of “TI is coincident with the new fol- 
lowing y-rays: 0.08, 0.10, 0.15, 0.21, 0.25, 0.30, 0.33, 0.43, 0.76 MeV. 

The 0.25 MeV and 0.76 MeV y-rays, according to ELLIOTT et al., come 


from a level at 3.961 MeV not shown 
in His 11: 

From Fig. 4 the 0.233 MeV y-ray 
of TI is coincident with the follow- 
ing y-rays which can be assigned to 
SITI POLO ,0-L8; 901216025, 0:03 MeV 


—® —7 —— 170) From Fig. 5 the 0.277 MeV y-ray 
teagan of *®STI is coincident with the following 
EE 3? y-rays which can be assigned to “STI: 

7 fete “N° 0.08, 0.16, 0.23, 0.58 MeV. 
ta - 12° 3198 On the other hand, according to 
È SIEGBAHN and GERHOLM (7), the y-rays 
© = 0.811, 0.618, 0.330, 0.303, 0.252, 0.211, 
a SE 0.147 or 0.075 MeV must be assigned 

4 MARE 


Our experimental results are con- 
sistent with the existence of a 0.08 MeV 
y-ray. This ray cannot come from the 
lead shield as said above; therefore 
the peak at 0.08 MeV corresponds to 
a ray coming from the source. 

Actually the y-rays of TI give rise 
to Pb X-rays following internal con- 
version electrons. The prominent peak corresponding to 0.08 MeV + or X-rays 
in this case should be coincident with all the y-rays of °Tl. On the contrary 
in Fig. 6 the 0.08 MeV radiation is not coincident, for instance, with the 
0.233 MeV y-ray, while it appears coincident with other rays of “TL which 
are not present in the proposed decay scheme (8). 

Moreover since the 0.252 MeV and the 0.763 MeV y-rays obtaind by EL- 
LIOTT et al. and evidenced by our experimental results are both coincident 
with the 2.62 MeV and 0.08 MeV y-rays, and the difference in energy between 
the 3.709 MeV and 2.615 MeV levels is just the sum of the energies 0.763, 


2.615 


(*) K. SIEGBAHN and T. R. GERHOLM: Beta and Gamma-ray Spectroscopy (Amsterdam 
1955), p. 920. 

(6) L. G. Exniorr, R. L. GRAHAM, J. WALKER and J. L. WoLFSON: TA IEC. 
93, 356 (1954); 94, 795 A (1954); Proc. Roy. Soc. Can., 48, 12 A (1954). 
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0.252, 0.08 MeV, we think that the existence of a cascade (0.08—0.252—0.763) MeV 
is most probable. 

In conclusion, as a result of the above argument, we propose the decay 
scheme of Fig. 11 for the nuclide “TI. 


In the preceding discussion are then shown the disintegration schemes of 
the nuclides under investigation. 

In these schemes we have reported not only the data which result from our 
research but also the previous ones. 

As said above in the energy schemes are shown in a different manner those 
levels and y-rays proposed by us and those which have been subjected to a 
direct verification with the coincidence method described. 


The authors would like to express their thanks to Prof. E. PERUCCA for 
his kind interest in many phases of this research. 


RIASSUNTO 


Mediante il metodo delle coincidenze discriminate si è studiato lo spettro y del Th 
in equilibrio con i suoi prodotti di decadimento, nel campo di energie (0.05-0.76) MeV. 
Dai risultati ottenuti si ha la conferma dello schema di decadimento del *2Pb e del 8Th. 
Per i nuclidi Ra e *?Bi accertiamo l’esistenza di due raggi y che si inquadrano negli 
schemi di decadimento già proposti da altri Autori. Inoltre si deduce l’esistenza di 
alcuni nuovi raggi y da attribuire al decadimento “STI + *$Pb, sicchè si propone 
uno schema di decadimento. 
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Clothed Particle Operators in Simple Models 
of Quantum Field Theory. 


O. W. GREENBERG (*) and S. S. SCHWEBER 


Brandeis University - Waltham, Mass., U.S.A. 


(ricevuto il 13 Dicembre 1957) 


Summary. — The idea of using clothed operators in the quantum theory 
of fields, i.e. operators which create and annihilate one particle eigen- 
states of the total Hamiltonian, is examined. In cut-off theories, these 
clothed operators are related to the unrenormalized Schròdinger picture 
operators by a similarity transformation. In terms of these clothed 
operators the virtual cloud of particles surrounding a physical particle 
appearing in present discussions of field theory no longer appears, cor- 
responding to the elimination, in the terminology of Van Hove, of per- 
sistent effects. Mass and wave function renormalization are automa- 
tically accomplished by unitary clothing transformations, and the usual 
renormalization program is extended to the renormalization of the states 
appearing in the theory. The form of the Hamiltonian expressed in 
terms of clothed operators is discussed and these ideas are applied to the 
static scalar model, the Lee model, and the Ruijgrok-Van Hove model. 


Introduction. 


Recent formulations of the quantum theory of fields (1) have tended to 
avoid the Hamiltonian formalism. These versions base the theory on certain 
general assumptions such as the principle of microscopic causality (local com- 
mutativity of field operators), asymptotic conditions, Lorentz invariance, and 
on the properties of the eigenstates of the energy-momentum four vector of 
the system to derive analytic properties of the amplitudes which are to describe 


(*) Present address: Geophysics Research Directorate, Air Force Cambridge Re- 
search Center. 


(1) See in particular, H. LEHMANN, K. SYMANZIK and W. ZIMMERMANN: Nuovo 
Cimento, 6, 319 (1957) (LSZ). 
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scattering processes (dispersion relations). Such theories do not make any 
specific dynamical assumptions and are characterized only by an S-matrix. 
Since their aim is to discover whether a divergence-free and consistent rela- 
tivistic description of the interaction of elementary particles based on the 
aforementioned assumptions exists, LSZ have not discussed whether these 
formulations can be based on a Lagrangian or Hamiltonian action principle. 

An S-matrix formulation avoids one of the basic difficulties encountered 
in the usual Lagrangian or Hamiltonian formulation of field theory, namely, 
that by virtue of the interaction each quantum (which is defined in terms of 
the unperturbed Hamiltonian of the field) acquires a persistent cloud of other 
quanta around it. Furthermore, in the limit of point interactions, these cloud 
effects give rise to divergences. The renormalization program in part cireum- 
vented these difficulties by noting that by virtue of the interaction the constants 
appearing in the theory, such as the mass of the bare quanta and the coupling 
constant, are altered and cannot be identified with the corresponding measured 
quantities. As is well known, the redefinition of coupling constant and mass 
parameter proved sufficient in quantum electrodynamics to circumvent all 
divergence difficulties in the S-matrix. Nonetheless as has been emphasized 
recently by VAN Hove (?), the current renormalization program is still un- 
satisfactory in that the states and operators in terms of which the theory is 
formulated are essentially «bare » states and «bare » operators describing part- 
icles without their clouds and defined in terms of the unobservable unperturbed 
Hamiltonian. 

VAN Hove, in the papers (?) referred to, has made a penetrating analysis 
of these cloud effects. These papers were in fact the starting point of the 
present investigation. The essential achievement of the analysis by VAN HOVE, 
besides clarifying further the mathematical structure of theories with cloud 
effects, is an explicit determination of the perturbed stationary states which 
exhibit in a clear fashion the attached or cloud states. As VAN Hove points 
out, an unsatisfactory feature of this analysis is the fact that the results depend 
so explicitly on the particular breakup of the Hamiltonian into a perturbed 
and unperturbed part. 

In the present paper we investigate these cloud effects in a manner which 
is more closely related to the usual field theoretic procedure than Van Hove’s 
analysis. Our aim is to formulate the theory in such a way that the states 
and operators appearing therein refer only to physical or « clothed » particles (*). 
Our point of departure is the usual description of field theory based upon a 
Hamiltonian H = H,+4H,, where H, describes the «bare » quanta of the fields 
and H, represents a perturbation which in addition to the mutual interaction 


(2) L. Van Hove: Physica, 21, 901 (1955); 22, 343 (1956). 
(*) Compare: G. C. Wick: Rev. Mod. Phys., 27, 339 (1955). 
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between quanta also causes self interactions which give rise to the aforemen- 
tioned cloud effects. We then analyse the physical vacuum and one particle 
states of the theory. The former is an eigenfunction of the total Hamiltonian 
having zero energy and zero momentum, and which, in Lorentz invariant 
theories, is invariant under arbitrary Lorentz transformations. It corresponds 
to a state in which there are no physical particles present. The physical one 
particle states are eigenfunctions of the total Hamiltonian and of the total 
momentum operator for which the energy and momentum eigenvalues are 
related in the form usually ascribed to a free physical particle. For a rela- 
tivistic theory this relation is of the form E,=Vm?+p?. In our context 
the parameter m is the mass of the physical object identified with the « part- 
icle » of the theory. In addition, these states must be eigenfunctions of what- 
ever observables further characterize a one particle state. Thus in quantum 
electrodynamics they must be eigenfunctions of the total charge: for the po- 
siton or negaton state this will be + e, where e is the measured electronic 
‘charge. These one particle states can be expressed in terms of eigenfunctions 
of H, as a superposition of such unperturbed states admixed to the « bare » 
one quantum state. These attached states are the ones usually referred to 
as constituting the cloud. 

We now fulfil our requirement that the theory be expressed in terms of 
clothed particle states by introducing operators Wi with the property that, 
operating on the physical vacuum Y%=|0>,, they create the correct one 
particle states; more precisely if 


(1) EEN 0, 


we require that 


(2) pi(p, E, mi) |0>! =|p, Bi, mire 

and 

(3) Hpip, E;, m:)|0>.= Eap*(p, E, m,)|0>. 
(4) Ppi(p, E, m:)|0» = pwp'(p, E;, mi) 10. 
(5) E=E(p,m), 


where (5) is the energy-momentum relation appropriate to the particular part- 
icle under consideration. We also introduce the corresponding annihilation 
operators w;(p, E;, m;) which destroy the vacuum 


(6) D;(p, E, mi) |0>, = 0 
and which transform the physical one particle states into the vacuum 


(7) p.(p, E;, m,) |p’, E, Midi = O(p — p') [OS 
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We may define these clothed operators in terms of the bare operators by intro- 
ducing a transformation W, such that if w;(p, 2)”, m®) is the bare quantum 
operator of type 7, energy momentum Æ°, p bare mass m®, 

(3a) b.(p, Hi, mi) = Wy(p, EP, mP)W- , 

(80) pi, Hi, mi) = Wy*(p, BY, m°)W-1 . 


The above requirements on w; are then guaranteed if 


(9) 0210) 

my) W |p, E°, m°) = Wy*(p, EY, m?)W-W |0> 
=|p, Hi, mid. 

where 

(11) H,|0> = 0 

a) Hl ppl El HP Em 


We call such W transformations clothing transformations. The clothing trans- 
formation is not uniquely determined by the above requirements. However, 
the qualitative properties of the theory when expressed in terms of clothed 
operators, such as the absence of persistent effects discussed in Sect. 1, do 
not depend on which clothing transformation is used. In this paper we are 
not concerned with this lack of uniqueness. It corresponds to alternative and 
equivalent descriptions of the interaction between two and more particles. 
For theories with finite rest mass quanta the requirement that when two or 
more particles are separated by large spatial distances the total energy and 
momentum of the states be the sum of the energies and momenta of the indi- 
vidual particles seems to be automatically satisfied in our Hamiltonian for- 
mulation, so that this requirement is not a separate restriction on the clothing 
transformation. It is likely that the coupling constant renormalization, which 
can be taken as a requirement on a given two particle state (e.g. that the 
scattering cross-section between the two particles take on a given value in 
the limit of zero energy) will further restrict the clothing transformation. 
We call the operator 4, a clothed particle operator, since it creates eigen- 
states of the total Hamiltonian. It should be noted that the clothed operators 
do not correspond to the usual renormalized Heisenberg operators since the 
latter do not have this property. This fact is evident from the LEHMANN (8) 
canonical form for the twofold vacuum expectation value of—say—the Hei- 


(3) H. LEHMANN: Nuovo Cimento, 2, 342 (1954). 


Di 25 - Il Nuovo Cimento. 
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senberg operator g(w,) for a neutral meson field 


(13) CY | p(t) (yr) |P) = i faro) ama, YU, L?),, 


where the weight function o(u?) is a positive measure characterizing the par- 
ticular theory. If pa.) Po were an eigenfunction of the total Hamiltonian 
corresponding to a physical meson of observed mass m (or more exactly an 
eigenfunction of P,P" with eigenvalue m?) then necessarily o(u?) — e 0(u? — m°) 
where we could choose c= 1 by proper normalization. However, in all pre- 
sent theories which contain non-trivial interactions, o(u?) = d(u? — m?)+o'(u?), 
where o'(u?)=0 for u?< m?, but op’ does not vanish everywhere. For those 
values of u? for which 0'# 0, there are states of mass uw? m? in o(æ,)P,. Fur- 
thermore the departure of 0’ from zero is indicated by the departure of the 
meson field strength renormalization Z, from unity since, 


(14) Z3° = feta illo (a) dure 


In the present formulation, as in current renormalization theory, the one 
particle states acquire a certain privileged position compared to other states 
of the system. This is in line with the view that they represent—so to say— 
the building blocks of the theory. In fact, an exact determination of W will 
be obtained only if we can exhibit in closed form the one particle states. The 
present paper concerns itself primarily with certain simple theories for which 
the one particle states can be solved exactly. Thus, after a general discussion 
of clothing transformations in Sect. 1, Sect. 2 considers the simple scalar field, 
Sect. 3 the Lee model, and Sect. 4 the Ruijgrok-Van Hove model. Sect. 5 
discusses some general consequences of the viewpoint adopted and gives a 
preliminary estimate of the situation which may be expected in the relativistic 
case. 


1. — The clothing transformation. 


In the present section we discuss the requirements imposed on our clothed 
operators as well as their general properties. As stated in the introduction we 
accept the usual Hamiltonian formulation of field theory. As a specific example 
consider the case of a fermion field (y(p)) interacting with a Boson field (a(k)). 
We introduce operators (p) and a(k), which acting on the physical vacuum 
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state |0), create pbysical one particle states 


(1) Din) 0 ne LD a —te(D) Danes 
(2) GNU = OH) 4) 00], 


where e(p) and w(k) are the observed (renormalized) energies of the Fermion 
and Boson, respectively. 

The corresponding annihilation operators (p), a(p) which destroy the 
physical vacuum and which transform the physical one particle state into the 
vacuum have the property: 


(34) p(p) |p"; > = 6(p —p')|0., 

(30) a(k)|;k'>, = d(k — k’)|0).. 

We define these clothed operators by a similarity transformation (hereafter 
called clothing transformation) on the bare operators 

(4) pp) = Wy(p)W1;  d'(p) = Wyp*(p)W, 

(5) a(k) = Wa(k)W=: ; a'(k) = Wa*(k)W-2 , 

which has the consequence that the clothed operators ", d satisfy the same 
commutation rules as did y*, y. These similarity transformations may be 
generated by both unitary and non-unitary operators W (*). In the case of 
unitary operators it follows that w'=*. For the remainder of this section 


we deal with the unitary case. It is clear that the above requirements will 
bevsavisted ie U U*= Ur: 


(6) U|0) =|0>., 
(7) Up, >= Uw*(p)|0> = Get) UU (0)= wip) |0>. =|p3>., 
(8) U|;k) = Ua*(k)|0) = Ua*(k)U-1U|0)= a*(k)[0).=];E.. 


Once the clothed operators are defined they are introduced into the theory 
by expressing the original Hamiltonian in terms of them. When this sub- 
stitution is carried out, we obtain a Hamiltonian which is numerically the 


(*) In this paper we are concerned only with theories in which cut-off functions 
are inserted in the interaction Hamiltonian to prevent the occurrence of divergent 
integrals. The above statement that the canonical transformations are unitary or 
non-unitary refers to theories which have been made finite using such cut-off functions. 
In relativistic theories it is likely (4) that the transformation will not be unitary. 

(4) R. Haag: Danske Vidensk. Selskab, 29, 12 (1955); D. HaLL and A. S. WIGHT- 
MAN: Danske Vidensk. Selskab, 31, 5 (1957). 
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same Hamiltonian as before, but which has a different functional form than 
the original Hamiltonian. We express this by writing H(y, a) = H,(, a). 
Our requirement that db, a be clothed operators leads to interesting conclusions 
about the form of H,. Since H,|0>.=0, we have from (1), 


(9) H.tp(p)|0>. = CH, p(p)]]0). = e(p) b(p) | 0. 


Thus H, contains a term | dpe(p)y*(p)y(p) which has the free field form 
with the renormalized energy. Similarly H, contains such a term for the ope- 
rators describing the anti-fermions (if the theory is a relativistic one) and a 
similar term for the Boson field. In terms of clothed operators the mass renor- 
malization is accomplished without the addition and subtraction of counter 
terms customary in current treatments of renormalization (*). This is a conse- 
quence of the requirement (1) that the one particle states have the correct 
physical energy associated with that particle. The sum of these free field terms 
is now the new free (unperturbed) Hamiltonian Hy. 


(10) Hu =| ape PP) + | dho(ha* (ha (1) 


“ 


We call H,— H,. the new interaction Hamiltonian H,,. In terms of this new 
division of the Hamiltonian into free and interacting parts, self-energy and 
cloud effects no longer occur for theories where all self-energy effects are asso- 
ciated with the vacuum and one particle states. To characterize H,, we 
note that 


(11) Oe sa HS D; DA Si HE] 2122 = 0 ? 


so that H,,, in normal ordered form, is a sum of terms each of which has at 
least two annihilation operators. Since H,, is Hermitian each term also has 
at least two creation operators. Thus if the old interaction Hamiltonian H, 
in terms of bare operators was of the form (y*pa-+c. c.) such a term will no 
longer appear in H,,. The simplest type of vertex which will occur in H,, 
will correspond to Fermion-Boson scattering, i.e. to an energy-momentum con- 
serving direct interaction between a Fermion and a Boson. In addition to 
this particular direct interaction term in H,,, there will occur in H,, other 
terms which correspond to all the real (energy-momentum conserving) pro- 
cesses which can occur in the theory. 

Self-energy and cloud effects occur in the current formulations of field 
theory when the iteration of the interaction H, leads to a state identical to 


(5) Compare S. KAMEFUCHI and H. UmezAWA: Prog. Theor. Phys., 7, 399 (1952). 
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Qu 


the initial state with à coefficient proportional to the quantization volume. 
This occurs in particular in connection with the vacuum and one particle 
states. In terms of clothed operators, iterates of H,, on a given state can 
again lead to that state, but only as one member of a continuum of possi- 
bilities. These statements can be made more succinct by using Van Hove’s 
notion of diagonal or persistent perturbations. Let |«> be eigenfunctions of H, 
with continuum normalization 


(12) Ko oto) 


Then in the usual formulations of field theories <x'|H,|x) contains no diagonal 
terms, i.e. no terms with a factor d(ax — «'). However the matrix elements 
of iterates of H, may contain such diagonal terms. In particular if A; is dia- 
gonal in the |x) representation one usually has 


(13) KOM AGE ssa dae) 


where F, has no 6(é(«) — &(x')) term. The term 6(« —«’)F, is the diagonal 
part of the matrix element and diagramatically corresponds to those diagrams 
in which the particles in the state x propagate without interaction with one 
another and only undergo self-interactions. The occurrence of such F, terms, 
by definition due to «persistent perturbations », has been shown by VAN Hove 
to be responsible for cloud and self-energy effects. Using these ideas, our 
conclusion is that for theories in which self-energy and cloud effects are asso- 
ciated only with the vacuum and one particle states, the introduction of clothed 
operators into the theory removes cloud effects because the total Hamiltonian 
then contains an interaction term H,, which in the basis of eigenvectors of H,, 
does not produce persistent perturbations. 

In a manner similar to the mass renormalization, the wave function (field 
strength) renormalization is automatically accomplished by using clothed 
operators generated by unitary transformations. Källén’s (°) prescription for 
the wave function renormalization is 


(14) <O|p'(p') |p>. = dp — p') , 
where the «renormalized » operator y'(p) is defined by 
(15) p'(p) = Zz *yl(p) . 


However (14) is automatically satisfied for the clothed operator without in- 


(6) G. KALLEN: Helv. Phys. Acta, 25, 417 (1952). 
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troducting a multiplicative factor, in fact the much stronger statement 


(16) p*(p)|0>. = | Pre 


is true. 

We have as yet not treated the coupling constant renormalization as simply 
as the other renormalization constants within our Hamiltonian framework. 

VAN Hove (7) (*) has shown that for theories with trilinear point inter- 
actions (or with cut-off functions which do not decrease rapidly enough) there 
are no normalizable vectors other than the vacuum, for those theories where 
the bare vacuum and physical vacuum coincide, which are in the common 
domain of both H and H,. We note that after the clothing transformation 
has been performed this difficulty is explicitly removed since at least the 
physical vacuum and the one particle state will be in the common domain 
of H,, and H.. The fact that the disjointness of domains of H and H, does 
not occur is to be expected since it is a consequence of the occurence of a 
virtual cloud of quanta in the physical state and more specifically, the vanishing 
of the field strength renormalization constant, both of which difficulties have 
been eliminated by the introduction of clothed operators. 


2. — The scalar field. 


The simplest example of a field theory on which the above program can 
be illustrated is that of a neutral scalar field (#7) interacting with Fermions 
whose unrenormalized energy m, is taken to be independent of momentum. 
The Hamiltonian describing this system is H = H, + H, 


Hi, ca + fasko mattia): o(k) = VE? + we À 
(1) 


Fae p*( L A i 
= Ga le | Voc PP + PIA + ab), 


where y(p) and a(k) are the destruction operators for nucleons and mesons, 
respectively, which satisfy the commutation rules: 


(2a) [w(p), p*(p')]+ = dp — p'), 
(2b) [a(k), a*(k')] = d(k—k’'). 


(7) L. VAN Hove: Physica, 18, 145 (1952); Bull. Acad. Roy. Belg., Ol. Se., 27, 
1055 (1951). 
(*) We thank A. S. Wicnrman for a helpful discussion concerning this point. 


(8) S. Tomonaga: Sci. Pap. I.P.C.R., 39, 247 (1941); G. WENTZEL: Quantum Theory 
of Fields (New York, 1949). 
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The function f(@) describes the extension of the nucleon and plays the role 
of a cut-off function, assumed to fall off rapidly enough for large © to make 
finite all the integrals that occur in the theory. Since the energy of a nucleon 
does not depend on its momentum the theory does not take into account recoil 
effects; however, due to the translational invariance of the Hamiltonian, con- 
servation of momentum holds. Due to the absence of pair effects the no part- 
icle state, here the vacuum, is the same for the free as for the coupled fields. 
The one nucleon state, Y%,,(P), of momentum P can be expressed in terms of 
bare operators as follows: 


(3a) Ley D | ‘pak sf Ak 0, Ales role 
n=0 a 
wee 
Jn! 


,(n) 


where the amplitudes c” are given by 


(35) cea Pa) Oh L= 


E n (— Aye se f(w;) 
=== VIZI Ô ( k; Li 3(200)8e3(Ie.) 
2 0(p + > ) vn! IH V2(27)*08(k,) 


One readily verifies that this one nucleon state is an eigenfunction of H with 
eigenvalue m 


(4a) m=m—HA=m,+ dm, 
1 [ah |f(o) | 
ay ae cal 202(k) 


The wave function renormalization constant Z, is determined from the requi- 
rement that ¥%,) be normalized and is found to be 


(5a) Z, = exp[— XL], 
re 1 (d8k|f(@)|? 
(0) is eal 208(k) 


The unitary operator U= exp [iS] 


id dk f(o) 
= NK Bir 
(6) 8 en æp*(æ)p(æ) DE 


fa face p)y(p onan 


Lar(h) — at by] exp [ik] 
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has the property that it leaves the vacuum invariant and that operating on 
the bare one nucleon state y*(P)Ÿ, will yield the properly normalized « clothed » 
one nucleon state Y%,)(P). This unitary operator thus «attaches » to a nucleon 
located at the spatial point x its appropriate bare meson cloud. The clothed 
nucleon operator is defined as 


Le ; - dé ; 
(7) eS ae 


Re dd exp [— tka] (a*(k) — a(— K))|. 


“exp 


Operating on the (true) vacuum, *(p) creates an eigenfunction of the total 
Hamiltonian corresponding to the presence of one nucleon of mass m and 
momentum p. Similarly the operator we call the clothed meson (creation) 
operator is defined as 


(8a) a*(k) = exp [tS ]a*(k) exp [— iS] = 
f(@) 
V203(k) 


Sue 
= i Jay + k)y(p) 


The bare and clothed one meson states are thus the same: 
(8b) a*(k)P, = a*(k)P, . 


This is due to the absence of pair processes in the theory. The Hamiltonian 
when expressed in terms of clothed operators is given by (*) 


(9) H.(p, a) = exp[— iS(p, a)]H(4, a) exp [iS(p, a)] = Hy. + H,,, 


where 

Ay. = ip eae i o(k)a*(k)a(k) , 
(10) ae 
Poe oe bp + ALP +k), 


and m is the renormalized mass given by Eq. (4). 


(*) Note that the clothing transformation is the same function of both the clothed 
and bare operators, since 


S (tb, a) — Ox) [iS(y, a)|S(y, a) exp [— iS (y, a) | = S(w, a) 9 


This statement holds also for non-unitary clothing transformations. 
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In terms of dressed operators the new interaction Hamiltonian no longer 
contains any self-interaction and gives rise only to an interaction between 
pairs of nucleons. Since the commutation rules of clothed and bare operators. 
are the same, a state such a *(p,) ... p*(p,,)¥% is an eigenstate of H,, belonging 


to an eigenvalue Y m and is asymptotically stationary in the sense of Van 
Hove (?) (*). LE 

It is interesting to consider the Heisenberg picture for the clothed theory. 
The dressed nucleon Heisenberg operator is 


(11) bp, t) = exp[iH.t] p(p) exp [— iH.d], 
whence its equation of motion is 


— id, J(p, t) = exp [iH.t] [H., w(p)] exp Ga iH.t] 


or 


2 "dix | 7 2 
a Pia ene fau Me, iyi - 


(200)? ©(k) 
The dressed meson operator obeys a source-free Klein-Gordon equation 
(13) (D+ 42) (x, 1) —0, 


in agreement with the fact that the mesons do not interact with the sources. 
The twofold vacuum expectation value for the dressed nucleon operator is 
readily computed. Since 


HIDE OR 


H,4*(p)#, = m*(p) 


(14) 


it follows that 
(15) (Po; Cp, 1)p*(p', t)%) = 
= (25, exp [iH.t]p(p, 0) exp[— 1H,(t1’)]p*(p’, 0) exp[— 1H.t'] %) = 
= exp [—im(t—t’)] d(p—p’), 


which expresses the fact that the nucleon propagates with mass m, and that 
the dressed nucleon operators are properly normalized. 

From our point of view questions such as the distribution of « bare » me- 
sons in a physical nucleon are meaningless, inasmuch as such statements attri- 


(*) A more detailed discussion of asymptotic stationary states is given in Sect. 3- 
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bute a physical reality to bare nucleons. What were previously considered to 
be cloud effects now appear as modifications at small distances in the 
interaction between dressed particles. 


3. — The Lee model (*). 


The Lee model (919?) describes three interacting fields, Fermion fields V 
and N (whose spin is ignored) and a en field a (+). The unrenormalized 
energies of the fields are m,,, my and w(k) = Vu2+k respectively, the recoil 
of the V and N fields being aa a Hamiltonian is H= H,+H, 


(1) Ho= mor] V*(p)V(p) d*p eo 


a uao 
] V20(k) 


ferro — k)a(k) + c.c. 


Thus the only interaction produced by the coupling of the fields is V= N +06. 
The simplicity of the Lee model is manifested by the fact that the bare 
and physical vacuum, one N-particle and one 0-particle states coincide, 


(3) lO == 105.°; CNE EN ae 3 [DD == 0,2 - 


The only physical one particle state which differs from the corresponding bare 
state is the V -state (1°?) given by 


E 1 Dn 
(4) Von da ek E(w) Ve By Oe (cs 
where 
(4a) PEA AE a 
V2(2x)o(k)- (my + w(k) — m,) 
and 
(4b) ii [a%| Po) |. 


The factor 1+4?L corresponds to Z5*% of Len, N-* of KALLEN, and [N(p)]® 


(*) We note at the outset that our methods lead to no new insight into the ghost 
state. 

(IDA Len: Physs Revs. 95, 1329) (1954). 

(1°) G. KALLEN and W. PauLI: Dan. Mat. Fys. Medd., 30, No. 7 (1955). 

(+) The Boson field quanta are called 6-particles. 
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of VAN Hove. Notice that the physical V.-state contains a bare V-particle 
together with virtual bare N- and 6-particles. The state |V>, belongs to a 
different eigenvalue of H than |V> does of A), 


(5a) H, | Wo, si Moy | Vy> ’ 
(50) H A = My An? ’ 
where 


My = Moy + dm = Moy — 44, 


(6) ZE a | ate Hol 


(27)? 20(my +o —m,) 


We obtain a unitary clothing ‘transformation, U=exp[iS], by noting 
that the form of |V>, suggests 


(7) S = g(2) i] ‘fara — k)a*(k)V(p) + c.c.|. 


where g(A) is to be determined. Differentiating the assumed equality 
(8) 4/60 | Ca | uo, = A | pe ? 


with respect to À, we find 


— ÀL DL 
See if À Ô La fi = Ò ji 3 
on) ni Job DE) Vas BD! (age) 
nt __ arctg AV/L 
(9) g(a) = i+ XL’ g(4) = Mer 


A similar calculation based on <N,,, 0, |exp [iS]| V,> = <N,,, 9, |V,>, leads to 
the same g(4). The observation that exp[iS]|V> contains only the states 
[VS and |N, 60), and that S|0) = S|N> = 8|0>5 = 0 completes the demonstra- 
tion that the S given by (8) generates à clothing transformation. This S is 
the simplest possible expression in the sense that its terms are products of 
the fewest number (3) of operators. All other clothing transformations can 
be written in the form exp[7S’] exp[iS], where S’ is Hermitian and annihi- 
lates the physical vacuum and one-particle states. A set of such transformations 
is discussed later in this section. 

The clothed operators can be expressed as infinite series of normal ordered 
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products of bare operators. The terms in these series of interest to us here are: 


1 = 
NI as = - VA — À | d'kF(o)N*(p — k)a*(k)| +..., 
(10) (p) sl (p) | (©) N*(p — k)a*(k) 
(1) N*(p) = N*(p) +... 


(12) a*(p) = a*(p) +..., 


(13) N*(p)a*(k) = N*(p)a*(k) + wore F(@)V*(p4 k) + 
Il 1 3]! DI / A i 
È Oz 1) fa k' F(w)F(o')N*(p +k—k')a*(k')+..., 


where the dots indicate terms which contain at least one destruction operator 
to the right. 

We now express the Hamiltonian in clothed variables (see equation (2.9)). 
This calculation can be carried out to any order in Z. We have summed exactly 
certain terms of interest: the bilinear terms which form the new free Hamil- 
tonian H,., the trilinear terms which vanish exactly, and the quadrilinear 
term in N, a which represent N-0 scattering. In addition there is an infinite 
series of other terms (indicated by dots below) which correspond to all real 
physical processes in the model. The result is H,= H,.+ H,, 


(14) Ho = me (ey VED) VD ate ns] ap N*W)NW) + fare o(k)a*(k)a(k) , 


Il a FE 2. et 
(15) Hy =F (VAL) CE (V1+ #L—1)E, 
where 
(15a) C = [arp arr avr eo, w')a*(k')N*(p — k')N(p — k)a(k) , 
(150) LORDI TE) AOS L - SALON F(o' ys 


V2(27)* 3" V2 27) 3 


and E has a similar form with 
(15€) L.(0,0') = F(@F(0'). 
The renormalized V-particle mass appears in H,.. The integral A in H Pa 


the same factor as appears in the mass renormalization; however, its presence 
in H,, is not associated with an energy shift or cloud effects. None of the 
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terms in H,, lead to persistent perturbation effects; in terms of clothed va- 
riables there is no longer a cloud of virtual particles. 

The S-matrix elements and other physical quantities calculated from H 
and H,=H are identical since the clothed and bare operators are related by 
a unitary transformation which does not change the boundary conditions of 
eigenvectors. We have verified this fact explicitly for MN-0 scattering using 
only H,. It is instructive to compare the scattering eigenstates in the two 
representations. For brevity we discuss N-6 scattering only. 

The N-@ incoming and outgoing eigenstates are (910.2) 


A F(a) 
(16 N,, Opa. IN, 0) + = - 
( a) | ps Ur) + | 0, + 1 na AL Tue (22/(1+ 22L))(my+o ns (ap) 
re ARR ol wlohe ae 
CT 1e (LEE AL) (my 0 = mI (©) 
d'kf(co' ‘ 
i | == Meas = Not); 
V2(21)*0'(0'— F ie) 
where 
È FF) À |P) È 
ÿ (o) =| —_- dx; D(a) == _P of NG 
di dai i + de) 2 HA @'— w FA 
Källén’s h(w)/@ corresponds to our 
2 
1 - 14 BL (my + © — My)J] (o) . 


Notice that in terms of bare variables the N-0 scattering eigenstates contain 
a cloud of virtual V-particles even though neither the N nor the 0 particle 
has a self-energy. These eigenstates can be expressed in clothed variables 
using (10) and (13). The result is 


F(@) 
+ (A2/(1+/2L)) (my +0 — my) (0) 
Set Hate TEL DA OA] Oe 
Jove A Ta VO) (V1 + HE — 1) IPARL Lois [Ne 2 ere. 


In terms of clothed operators there are no virtual V-particles in this state. 
The S-matrix, calculated from the Hamiltonian expressed in bare or clothed 
operators, is 
(18) CN? 0, | Na", On >+ i SUN 0, | Ne, (278 = o(q ie q')d( ke k') + 
2 fo) | 
14+ ALD 2(2)3o'(my + w'—m,) 


(17) NG D> ct: AN 0,). + 1 


— 2rid(q + k — q'— k')d(w — w') 


1 
‘1+ (AJ HAL) (my +o'—my)IO(o')’ 
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where |», are the scattering eigenstates with incoming and outgoing waves. 
The S-matrix, as is well known, contains only the expression 2?/(1+2?L) which 
is there normalized charge squared. It is interesting to note that in equation (17) 
only the term which contributes to the S-matrix, i.e. the one with the proper 
singularity, contains the renormalized charge; the first term in the bracket 
in equation (17) does not contain 2 and L in this combination. 

Since in terms of clothed operators there are no persistent effects in the 
theory, the states |N,,9,>., and in general the states 


VV, NN Oe One 


D fas € Dm ? k,/ c 


produced by a product of clothed creation operators acting on the physical 
vacuum, are asymptotically stationary in Van Hove’s sense (?), that is 


fa 


ce) lim .<p(t + to) |exp [— tH] |p(to)> =| |e(x) À da, 


tot © 


where 


) i a), exp [— itoe(x)]e(x) da, 


is any superposition of clothed states. In terms of clothed operators, these 
asymptotically stationary states do not contain a virtual cloud of particles. 
Since the clothed operators are unitarily (or more generally canonically) re- 
lated to the bare operators and thus satisfy the same commutation rules, these 
states |»,,, are an orthonormal (more generally orthogonal) set of vectors. 

VAN Hove defines a set of asymptotically stationary states which differ 
in a «minimal » way from the bare states (?) in the sense that the only states, 
Y,, admixed to a given bare state, |x), are the states which occur in inter- 
mediate states in calculating the diagonal parts of operators acting on the 
given bare state. VAN HOVE argues that the set Y, is the smallest set of states 
which, admixed to |«>, will allow the construction of an asymptotically sta- 
tionary state, This minimal property of Van Hove’s states is attractive. 
However, as VAN Hove points out, it is based upon the original separation 
of H into H, and H,; it is not invariant under canonical transformation. 

In general some of Van Hove’s asymptotic states contain a cloud of virtual 
particles expressed either in terms of bare or clothed operators. For example, 
Van Hove’s asymptotic V-state is the same as the physical V-state and in 
bare operators has a virtual N-0 cloud (see Eq. (4)). His asymptotic N-0 state 


is |N,,4,> which in clothed operators has a cloud of V and N-@ particles, 
G0) (NAO e Haya ee 
UT 
“| : 1) # fari DIN, 0 
— | ——____. ©) 0) PORRO OA 
I ib 1/1 ee 2D noes) Ai 
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Further these states |x»,, are not orthogonal; the creation operators which, 
acting on the physical vacuum, create the states |>,, (11) do not, together 
with their adjoints, satisfy the canonical commutation rules. However, VAN 
Hove does show that the states |a),, are asymptotically orthonormal (2) in 
the sense that 


R 


(21) lim <Pas(to) |Pas(to) o | :( )e'(x) da ’ 


toto 


where Gus; Pas are constructed from states |2)x as in the manner indicated 
below equation (18). Because the states |x),, have the minimal property, the 
lack of orthogonality of these states is essential for the presence of observable 
interaction effects (*). In the clothed operator formalism, the states | «>,,, which 
do not have the minimal property, are orthonormal. 

The conservation laws in the Lee model, namely, that the sum of the number 
of V and of N particles is constant, and the difference of the number of N 
and 8 particles is constant, imply that the only intermediate states occurring 
in N-0 scattering are N-0 states (+). Thus, in discussing N-6 scattering we 
have to consider only the N and 6 terms in H,, and the (quadrilinear) N-0 
interaction term in H,, when investigating new clothing transformations which 
differ from the original one by an expression in N and 6 operators. We have 
obtained such a family of clothing transformations, each of which can be 
carried out exactly for the terms relevant to N-@ scattering. For each of 
these the qualitative properties of the Hamiltonian discussed in Sect. 1 remain, 
although the specific terms in the Hamiltonian change. 

The new clothing transformations are of the form exp [iS’]-exp [iS], where 
S is given by equation (8) and S' is given by 


where /(4) is arbitrary. The relevant terms of the Hamiltonian when expressed 
in terms of the new set of clothed operators, 


V'= exp[iS"T]-exp[iS]:V-exp[— iS]- exp [— iS] 


(where we have suppressed the dependence of V’ on {(1)) are ihe debe HER. 


(11) N. M. HucENHOLTZ: Physica, 23, 481 (1957), especially pp. 514-521. HUGEN- 
HOLTZ has further elucidated the significance of these states using diagramatic arguments. 

(*) We thank Prof. VAN Hove for calling this to our attention. 

(+) That this situation does not hold in general can be seen, for example, by con- 
sidering V-@ scattering. 


23 
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where H,, has the free field form, and 


(23) Hi,= VIVAI sin (U(A)L)-K+ 


(V1 + ÆL cos [K{A)L]— 1)€ —= (2V1 + #L cos [l(A)L] — 2 — PLE, 


| 


| 
1 


flo’) = Hoy - #(o')) 
V2(22)8a' ~V72(22)?w 


(23a) Pr(D, 0) =" [ten 


All of these Hamiltonians lead to the same S-matrix for N-6 scattering as has 
been verified directly. Thus the different interaction terms are an example 
of different potentials which lead to the same scattering. In this model there 
is no reason based on physics to prefer one form of H,, over any other. For 
computational purposes, some forms of H,, may be more convenient, 
for example, the choice cos (l(A)L) = (1+4*L) * leads to a form with no term 
iC. 
A A 


(24) He =F K+W7E. 


We conclude this section on the Lee model with a brief discussion of non- 
unitary clothing transformations. There are both advantages and disadvan- 
tages in using non-unitary rather than unitary clothing transformations. The 
main advantages are that, in some theories such as the Lee model, and the 
Van Hove-Ruijgrok model (see Sect. 4), the non-unitary transformation changes 
fewer of the states of the theory while still clothing the bare states (in fact 
in these cases the non-unitary transformation has the minimal property of 
Van Hove), and is computationally very much simpler. Some disadvantages 
are that, although non-unitary transformations accomplish mass renormaliz- 
ation, they do not take care of wave function renormalization, the states 
obtained not being correctly normalized. The asymptotic states to which one 
is led are asymptotically stationary and asymptotically orthogonal, but are 
not orthogonal at finite times. Finally Hermiticity properties of field operators 
are obscured by these non-unitary transformations. 

For the Lee model a simple non-unitary clothing transformation is given 
Dy Ye exp ET] 


(25) T = — 2] [FA — kK)V(p)d3pd"k. 
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This transformation does not change the vacuum, 0 or N states. The V state 
becomes 


(26) AM SE if ask Fto) NP SE ETES À 


In discussing the clothed operators, we distinguish the transform of the adjoint 
of V (or N or 6) written V'= exp [T]V*-exp[— T], from the adjoint of the 
transform of .V, written: V*— (V)*— exp[— 7*|-V* exp[T*], where V= 
= exp[T]-V-exp[— T]. We denote the adjoint of V' by V'*. The symbol 
V*" is neither used nor defined. 

The transformed operators V', V and the corresponding pairs for the N 
and 0 fields satisfy the canonical commutation rules. The same is true for 
the pairs V'*, V*, etc. However, for example, the pair N, N* does not satisfy 
this anticommutation rule. 

All of the transformed operators can be formed exactly by expanding the 
exponential in multiple commutators. We collect some results of interest: 


(27) Vi (p) = 7 V*(pye-” = V*(p) — A] KE (w)a*(k)N*(p — k), 
(28) N'(p) = eN*(p)e" = N*(p), 

(29) aki sani ed) 

(30) Vip) == @ Vp) e “== Vip), 

(ile) N(p) = e N(p)e® = N(p) + 2] dk E(o)a*() (p +k), 
(32) a(k) =e"a(k)e "7 =a(k) + i] d3pN*(p — k)V(p)F(w). 


The entire Hamiltonian expressed in these variables can be found in closed 
form; however, we will write down only the bilinear and trilinear terms, as 
well as the term responsible for N-0 scattering. The result is H—H —H;,+H,., 
where H/, has the free field form, and 


7 AL OE So eee ee 
(33) Hi = fan] p ANNI k)a(k) + 


+ 42 fas fau fa EL) F(o')at(k') Nt (p no; k')N(p o k)a(k) Poa 
n . . 4/2 (220)? © 


5 26 - Il Nuovo Cimento. 
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Notice that unlike the case of unitary clothing transformations, there is a 
trilinear term in H7,. Further, although the total Hamiltonian is still noe 
mitian, it is not «manifestly Hermitian », and in fact the individual terms H,,, 
H°, are not Hermitian as can be seen from the fact that the eigenvectors of 
H,, are not orthogonal although they belong to real eigenvalues (*). 

The S-matrix calculated in these variables is the same as before provided 
one uses the operators N*, a* to create particles on the left side of the inner 


product, while the operators N*, a* are used on the right. One has 
O Ù so * J = 7 
(34) (N*atW,, Nia!) = (6 Nitate ,, e N*a* en 2) 
= (CE 0? Ne eto) + 


so that with the rule given above the scalar product, and thus the S-matrix, 
is invariant under this non-unitary transformation. Alternatively, the S-matrix 
can be found from the standing wave eigenvector of the Hamiltonian. 


4. — The Ruijgrok-Van Hove model. 


One of the characteristic features of the Lee model which was analyzed 
in the previous section is the impossibility of successive emission or absorption 
of several bosons by the heavy particles. To remedy this situation RUIJGROK 
and VAN Hove (®) have proposed interesting models for which one can still 
determine the physical one particle states and the renormalization constants 
in closed form, and in which it is possible for the nucleons to emit or absorb 
an arbitrary number of bosons. These models also can give rise (for finite 
sources) to meson-nucleon scattering. In this section we consider the simplest 
such theory for which the Hamiltonian is 


5) H=H,+H,, 


(1a) EN = mor fap V*(p)V(p) + moy | Ap N*(p)N*(p) + | d°ka(k)a*(k)a(k) , 


DO 


. 


(1b) H, = 2, {dep [ark 2 [V*(p)N(p — k)a(k) + ce] + 
ey vy A\ 470 )~ CO 
+ A, [arp fare - Ko) [LN *(p)V(p — kja(k) + c.c.], 
J à V2(27)0 


(*) A simple example of this situation is the 2x2 matrix 


ETES 
= _ HW 
me bo 


| which has eigen- 


vectors w= | | belonging to the real eigenvalues 1 + Wve However the inner 


+ 1/72 
product (uz, 4) #0. 
(2) M. W. Ruiserok and L. Van Hove: Physica, 22, 880 (1956). 
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where the operators N, V, a have the same meaning as in the Lee model. 
Clearly when 2, — 0 one reverts to the Lee model, whereas when À, — 7, the 
scalar field situation obtains. Since in the sequel we shall primarily be con- 
cerned with the one particle states, we drop the momentum dependence of 
the N and V operators. 

It is clear from a diagramatie analysis of the interaction that the one V- 
particle state has the following structure: 


= eo | i 
(2) |M = VZr [yrs [O +3 — arr, a far. 
| n-1V2n!. J 
“Toy” (Key; Key... Kgn)@*(k,)a* (Ky) ... @* (Kan) V* | 0S 4 


= 


F2, V(2n ep fe i ff ioe 


Dy (Hey, hig, ++. Kansa)a™* (Ke, )a* (Ha)... O* (Tana) N* [0 


—_ — 


The amplitudes 


(Ai Ay) fe f(@,) 


3 Sip (ie oa eae | 
(3) I 1 V2n! ii V2(2x)o(k,) 

2n4 : à A2)" SI DE 
(4) ae Si | 1 2) f(c;) 


V(2n + 1)! iz V2(7)o(k,) 


satisfy the Schrédinger equation 


(5) H|V).= (my + 6m,)|V>. = mV, 
where 
(6a) 6m = —À;4, 
1 fdik|f(w) |? 
A SET dk | flo) | 
(65) E dl li 


and where the unrenormalized bare mass of the N and V particles have been 
so adjusted that 


(7) Mg Mr AA) 


so that the renormalized mass of the V and N particle are the same and equal 
to m. The physical one N particle state can now be obtained by noting the 
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symmetry of the theory under the interchange N > J, A, > Az: The ex- 
plicit forms, Eq. (2)-(4), for the amplitudes allow us to rewrite the physical 
N and V states as follows 


(8) y = VARI {re cosh (Vader) == 

NS | È sinh (Vv 2200) 10), 
(9) N>.= AE cosh (Via fake") = 

= VAR È sinh (Vida fara) 10), 
where ; | 
(10) Fin) US) 


V2) a (E) 


The wave function renormalization constants Z, and Z, are determined from 


the requirement that 
(11) eV = CENINS =" I 


and are found to be 


ORA Att ee E 
(12) Li [cosh AL + x sinh hit) ; 
= Ke = 
(13) Ly = [cosh AA Di sinh Aaa 3 
| ie 
L is given by 
(14) 1 = | ak) F(o) 8. 


Again due to the absence of pair phenomena 


(154) bi at (kh) Oy. 


it 


(155) H\ky. = .0(k)|k, 


so that «bare» and « physical» meson states are identical. 

We have not been able to obtain a unitary clothing transformation which 
generates the physical and one particle states to all orders in À, and À. The 
following transformation U=exp[iS] does generate the correct states (in- 
cluding the normalization constants Z, and Z,) to fourth order, and has the 
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correct limits to recover the Lee model and scalar field: 


(16) S = gi(A15 Aa) Si + Go(Ary Ax) So + G3(415 Ax) Sat Ya (415 Az) Sa 
(16a) S, = WV*NA—N*VA), 
(160) Si (NF WA == VENA): 
(16€) Ds = AVEVA 42), 
(16d) Da = iN*N(A*?— A), 
where 
(17a) A = [as ; ce) - a(k), 
; V2(2x)w(k) 


(175) pie | a*RE()A(K) 


To fourth order g,, 9:; 93 and g, are given by 


L 21 DI 
(18a) TAUPE Az) = À 1 à re 9 (A; rà 1) 9 
D 
Ra L > 9 
(18b) DO, Az) = Aap =p As x) 
À 
2 5 4 L 4 
(18€) TAUPE A») ta Ay Ae 19 (A 0A) =. PA GiAi ’ Ay) ’ 


where due to the above mentioned symmetry property of the theory 
G1(A1, 42) = J2(A2y Ar) , 
AGE ) À) = Jada, À) © 
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It is to be noted that the transformation is no longer trilinear. In fact, we 
ten] ) 


have proved that an S composed only of trilinear terms cannot generate the 


dressed. operators. The Hamiltonian to this order is given by 


(19) ne AN E AANENE [Oka (k)a(k)a3k + 


Ls D SU TA] NEN(ASB + BA) — 


(at — 19 Et +29] aw + Bea) + 


1 
oe = 


Ad AD A(N*N — V*V)(A*? + A?) + 


3 


- (A° — À) A(N*N + V*V) A*A + (À + À) AV*N*NV + 
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One again notices that the Hamiltonian does not have any terms which ene 
rise to persistent effects in fourth order. It does have terms which will give 
rise to such effects in higher order, e.g., the last two terms. A consistent 
extension of these calculations would of course remove such higher order terms. 
The occurrence of the term A in the N-6 and V-0 scattering terms is once again 
not associated with cloud effects. The A factor in the N-V interaction term is 
due to the fact that both particles are located at the origin and corresponds 
to a Yukawa potential for zero separation of the particles. 

It is interesting to note that here again there exists a very simple non- 
unitary clothing transformation. Consider, for example, 


(20) vere Ta (NEV AVEN)R, 


where À is an operator involving the meson operator, e.g. 


(214) Rae ae F(oa*() | 
or 
(210) i; = [LEE k) — a*(k)) . 


… 


With either of the above forms for 7 one finds 


! 


/ A 5 / 
(22) Vite Ver —V* cosh (VA A, R) E | 7 N* ob (ANR 
(23) Nt = Ne? = N* cosh (VALLE) + | 2 V* sinh (VAR), 
a 


so that apart from the wave function renormalization factors, the operators 
V* and N° create the correct physical one particle states. Furthermore, 


(24) e|0)=|0),=]|0) 
and since for either form of R 


(25) a'(k)|0),= a*(k)|0 


the clothed one meson state is the same as the bare one meson state. 
It should be noted that V* and N° are not the adjoints of N,V which are 
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given by 


SS 


SR AMAR) 


So 


12 


(26) N=e Ne” = N cosh(V4,2, R)— | 


(i 


| > 
ro 


(27) V=e"Ve-” = ¥ cosh (VA R)— | N sinh (V4,7, R), 


Do 


1 

but since the clothing transformation is a similarity transformation 
(234) eae 418 - [N', N], — 1, 

(28b) [a(k), a'(k’)| = 0(k —k’). 


The Hamiltonian is readily computed for either of the above forms of R and 


one finds 


(29) He (NON VV) + | aka Mao + 


a 


È 3 Î(©) 
ee VERN Et Nara INT Val eZ, 
: V2(2x)o(k) do) 
ER LR et Oe ; {(0) 
"n 2 WE + = GR D Le ) DI AI [ig e di = N= 
LA APT N'N) 5(; 2R+ 5 (ad,)(2R) “SONE bi) 
Lei i ! k 
PRIANO APN SR) Peo | fax elie a 
LANZI 4. J)  vV2(270(k) 


+ terms in V!N'NV. 


The above expression is valid for À of the form (21a). If À is taken to be 
expression (215) then the underlined terms in the second line should be omitted. 
For the derivation of this Hamiltonian we have again assumed that the bare 
mesons of N and V particles are related according to (7). The meson terms 
in the third and fourth line can be summed to sinh and cosh terms. It is 
clear from the structure of the interaction terms that the above transform- 
ation has removed self energy effects to all orders. In particular for R of the 
form (21a) the Hamiltonian is normal ordered in terms of the dressed ope- 
rators. It, however, has not removed those effects arising from vertex modi- 
fications. Thus the term (2) — 23)V'VA'A gives rise to a direct V-0 scattering. 
However, iteration of H,, will likewise give rise to V-@ scattering terms. For 
example, the combination of terms /,(22 — 2})N' VA*A and 2,VtNA will give 
rise to V-@ scattering in higher orders. In fact, in the limit of point sources, 
such an iterate will contribute a divergent multiple of the term to the scat- 
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tering. This contribution is the familiar Z, or vertex divergence. The cha- 
racteristie feature of this type of divergence is that it is associated with real 
two particle processes. In the present context this possibility remains due 
to the presence of the trilinear terms (A,V'N+A,N'V)A. We could try to eli- 
minate these effects by performing a canonical transformation on the Hamil- 
tonian to remove these terms. We shall, however, not do so, deferring an ana- 
lysis of the Z, divergences to the relativistic case. 


5. — Conclusion. 


In the preceding sections we have tried to reformulate three simple field 
theoretic models so that only finite quantities referring to physical (clothed) 
particles enter in the Hamiltonian description of the theory. Our reformu- 
lation of the Lee and Ruijgrok-Van Hove models is incomplete in that the 
charge renormalization has not been effected. Thus for example, (3.29) for 
the Hamiltonian in clothed operators for the Ruijgrok-Van Hove model will 
still give rise, for infinite cut-off, to vertex divergences. However, in the scalar 
model the fact that Z,= Z, implies that the coupling constant occurring in 
H, is the renormalized charge as defined by Dyson (1). 

The peculiar features of the charge renormalization in both the Lee model (1) 
and the Ruijgrok-Van Hove (1°) model suggest that in the point source limit 
of these models charge renormalization has properties different from those in 
the more interesting relativistic theories. We hope to return to the question 
of charge renormalization in more realistic theories than the ones treated here 
in a future publication. Quantum electrodynamics by virtue of Ward’s theo- 
rem that Z,—Z,, as a consequence of gauge invariance, would seem the 
Simplest theory to treat in the spirit of this paper. 

Another question which should be investigated in connection with our 
formulation is the relation of the U(0, — co) transformation (!) to clothing 
transformations, as well as the relation of in, out and other mass shell parts 
of the renormalized Heisenberg operators to our clothed Heisenberg operators. 

Finally, we note several features which may be expected to hold in the 
relativistic case when the theory is expressed in terms of clothed operators. 
One of these is the fact that the canonical form of the twofold vacuum expec- 


CRIE IDO US 2820 TAD, WG (GERD). 

(4) (G. KATLEN: CHRN/D/GK 3); 

(5) See in this connection G. DELL ANTONIO and F. Durmio: Nuovo Cimento. 6. 
751 (1957). 

(6) M. GELL-MANN and F. Low: Phys. Rev., 84, 350 (1951). We should like to 
acknowledge an interesting conversation regarding this point with F. Low. 
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tation value of the dressed operators will take the form 


(1a) AQU T(b(x,) p(w,)) Ob WS (a, = LE m) , 


(1b) 0 | T(ep(a,) p(x,)) 105 = 14, (x, —x,; 22); 


where m and 4 are the renormalized masses of the Fermion and Boson part- 
icles respectively. The right hand side of these expressions are the free field 
Green’s functions, Eq. (1) now expressing the fact that d and @ create phys- 
ical particles which propagate in a manner characteristic for a free particle 
of that mass and spin. 

The Hamiltonian for the relativistic case will again have the properties 
enunciated in Sect. 1. Thus, for example, quantum electrodynamics when 
expressed in terms of clothed operators will have a Hamiltonian which no 
longer contains any trilinear terms such as p(x)y"y(x) A(x), but now contains 
an infinite series of normal ordered terms corresponding to real processes. 
A new feature of the relativistic theory, however, is that if we require the 
theory to be microscopically causal, then very intimate connections will exist 
between the c-number coefficients of the various normal ordered terms which 
make up the Hamiltonian. These connections will be the counterpart of dis- 
persion relations in our context. 

In conclusion, we note that our starting point was a Hamiltonian with the 
conventional trilinear interaction terms, originally suggested by correspondence 
principle and classical arguments originating in electrodynamics. We then 
proceeded to reformulate the theory in such a way that persistent effects no 
longer appear. It would be interesting to invert the process and inquire 
whether it is possible to formulate a relativistically covariant, causal, diver- 
gence free Hamiltonian theory involving only clothed operators. 


* OK OK 
One of us (O.W.G.) acknowledges the encouragement of Drs. H. K. SEN 
and G. W. WARES. 
Note added in proof. 


Dr. DreLL has informed us that Dr. ZACHARIASEN and he have independently 
arrived at the idea of formulating field theories in terms of clothed operators and have 
given a formulation essentially equivalent to Sect. 1. 
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RIASSUNTO (*) 


Si esamina l’idea di introdurre operatori fisici nella teoria quantistica dei campi, 
cioè operatori che creano e distruggono gli autostati di una particella dell’ hamiltoniana 
totale. Nelle teorie di taglio questi operatori fisici sono affini agli operatori della teoria 
non rinormalizzata di Schrédinger in una trasformazione di similitudine. In termini. 
di tali operatori fisici la nube virtuale di particelle circondante una particella fisica 
quale la si concepisce nelle attuali discussioni sulla teoria dei campi non appare più 
corrispondente, nella terminologia di Van Hove, all'eliminazione di effetti persistenti. 
La rinormalizzazione delle funzioni di massa e d’onda si ottiene automaticamente per 
mezzo di trasformazioni di rivestimento unitarie e il consueto programma di rinor- 
malizzazione si estende alla rinormalizzazione degli stati comparenti nella teoria. Si 
discute la forma dell’hamiltoniana espressa in termini di operatori fisici e si applicano 
tali idee al modello scalare statico, al modello di Lee ed a quello di Ruijgrok-Van Hove. 


(*) Traduzione a cura della Redazione, 


IL NUOVO CIMENTO VO. VINILE ILS 1° Maggio 1958 


Non-local Theory of Elementary Particles. 


P. SEN 


National Physical Laboratory - New Delhi, India 


(ricevuto il 23 Dicembre 1957) 


Summary. — It is noted that if the elementary particles are described 
by non-local fields then the principle of conservation of parity is regained. 
A modified form of a previous model of the internal co-ordinate wave 
equation is shown to give satisfactory agreement with the observed mass 
spectrum, decays and cross-sections of the seven known unstable particles 
and it predicts the occurrence of more heavy unstable particles. Then 
a simple one dimensional model is constructed and it gives the same 
mass spectrum as before and the original Pais selection rules. 


1. — Introduction. 


To account for the large associated production of the unstable elementary 
particles as well as their comparatively slow decay PAIS (1) suggested that 
the strong interactions, which allow the former reactions, are forbidden for 
the latter processes, and postulated odd even selection rules for the interacting 
fields. By enlarging the isotopic space by means of a strangeness quantum 
number GELL-MANN and PAIS (?) and NISHIJIMA (3) have obtained a satis- 
factory set of rules which give agreement with all the observed results and 
have used them to make some suecessful predictions. Then D’ESPAGNAT and 
PRENTKI (*) and SCHWINGER (5) have given physical interpretation of the new 


(1) A. Pais: Phys. Rev., 86, 663 (1952). 

(2) M. GeLL-MANN and A. Pats: Proceedings of the 1954 Glasgow Conference on 
Nuclear and Meson Physics (New York, 1955). 

(3) K. NISHIJIMA: Progr. Theor. Phys., 18, 285 (1955). 

(4) B. p’EspagnaT and J. PRENTKI: Nucl. Phys., 1, 33 (1956). 

(3) J. SCHWINGER: Phys. Rev., 104, 1164 (1956). 
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quantum number and other possible assignments of it have been given by 
SACHS (*), TIMONO (7) and Pats (5), who has also suggested a wave equation 
which defines such quantum numbers and has obtained a qualitative mass 
spectrum from it. 

On the other hand YUKAWA (*) proposed to augment the quantum numbers 
of a elementary particle by giving it internal degrees of freedom which can 
also be utilized to obtain convergent field theories. A set of internal co-ordinate 
wave equations from which it was attempted to obtain a quantitative mass 
spectrum of the elementary particles is given in SEN (!°) and when these wave 
equations are a little modified the matrix elements for the decay of the un- 
stable elementary particles by means of strong interactions are found to vanish 
and their comparative stability as well as the large associated production are 
obtained. Such a demonstration appears the more convincing as all the in- 
trinsic properties of the elementary particles are established from one set of 
wave equations and, furthermore, an advantage of the non-local theory is 
that it makes possible the reinstatement of the principle of conservation of 
parity (see LEE and YANG (11), SALAM (2), LANDAU (1) and YANG (!4)) without 
further assumptions. 

The wave equations of I are modified by using, instead of the hard sphere 
boundary conditions, the RAYLEIGH (1516) boundary conditions where the 
wave functions are represented by the terms of the Schlémilch series. This 
facilitates the evacuation of the interaction matrix elements and they are 
found not to vanish only when internal quantum numbers of the wave fune- 
tions of the interacting fields can form the sides of a triangle that is that the 
magnitude of any one of them les between the absolute values of the diffe- 
rence and the sum of the other two quantum numbers. Our procedure through- 
out I has been to construct a consistent model of the internal co-ordinate 
wave equations which gives correct results for a set of observations and the 
choice of these boundary conditions is an extension of the above procedure 


(6) R da SACHS: Phys. Reo., 99, 1573 (1955). 
(7) J. Timono: Nuovo Cimento, 6, 69 (1857). 
(8) on Pais: Physica, 19, 869 (1953). 
(9) H. Yukawa: Phys. Rev., 77, 219 (1950); 80, 1047 (1950); 91, 415, 416 (1953); 
Rev. Mod. Lu 29, 213 (1957). 

(1°) P. SEN: Nuovo Cimento, 3, 612 (1956). This paper is called I. 

(11) T. D. Ler and C. N. YANG: Phys. Rev., 102, 290 (1956); 104, 254 (1956); 
105. 1671 (1957). 


9 


(12) A. SALAM: Nuovo Cimento, 5, 299 (1957). 

(EIA NDA ERNIA.) MT 0570) 

(14) C. N. YANG: Rev. Mod. Phys., 29, 231 (1957). 

(5) Lorp RAYLEIGH: Phys. Mag., (6) 21, 567 (1911). 

(8) G. N. WATSON: Theory of Bessel Functions (Cambridge, 1944). 
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to include the slow decay and the large associated production of the elementary 
particles within the model from which their mass spectrum is obtained. The 
significance of the approximations made can be found by constructing several 
satisfactory models and then determining their common properties. 

We shall also construct a simple one dimensional model of the internal 
co-ordinate wave equations which is of interest as it gives the PAIS (1) selection 
rules and also makes the procedure more obvious. This opportunity is also 
utilized to modify the mass term of the wave equations in order to obtain 
better agreement with the observed masses which have been tabulated by 
CROWE (17) and to include the recent discovery of Y° particle by PLANO, SAMIOS, 
SCHWARTZ and STEINBERGER (!). Further agreement between the observed 
and the calculated mass spectra is obtained by noting that some calculated 
unstable particles, which have not been observed, allow rapid decay through 
strone interactions. 


2. — Internal co-ordinate wave equations. 


In order to obtain suitable selection rules and to improve the mass spectrum 
obtained in I by including the recently discovered 2° particle and by elimi- 
nating the particle of mass and spin 0 whose existence affects the decay 
schemes let the internal co-ordinate wave equations be modified so that they 
become 
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Here the light and the heavy particles of spin 3 are denoted by yy RIO) and 
y*°®-(r,) respectively, the mass as well as the charge factors of I (33) have 
been modified, a scale factor x’ has been introduced in order to eliminate the 
r-particle of mass zero without disturbing the mass spectrum of the heavy 
particles, and additional terms with factors a~? and (5/4)r-? have been added 
to prevent the degeneration of the stable particle wave functions into null 
functions and to obtain a favourable set of selection rules for the interaction 
matrix elements. The wave equations of particles of spin 1 and of light neutral 


(17) K. M. Crowe: Nuovo Cimento, 5, 541 (1957). 
(18) R. PLANO, N. SamIos, M. SCHWARTZ and J. STEINBERGER: Nuovo Cimento, 


5, 216 (1957). 
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particles of spin 4 have not been written as all the known unstable particles 
‘an be assigned spins 0 or 3 and light neutral unstable particles of spin 3 have 
also not been found. The last three equations of (1) can be combined in the 
form 


— 
bo 
= 

PSs 


i) Tri (5/4)r-? = (1 * (a'°— Dei — Ho den) "n 
2x (le 2)(1 ie (5/42) (Ko 0 4e 00) AT a? y,(1) TQ, d,,9)=0, 


provided it is understood that the particle and its antiparticle have the same 
mass spectrum and opposite charges. Then we obtain 


a (7) = N(x) 1-3, ( (20? — Muu) Tr) ; 
pee e Ny (%) 713 (x? — l'uox + a~*)*r) ; 
PC) = Nr (4 — + 22 — #0) + (a! A), 


pi) = Ni (oe) 12S; (((oe — + (a! a). 


Now in order to evaluate the transition matrix elements we shall replace 
the hard sphere boundary conditions, that is the vanishing of the wave fune- 
tions outside a four dimensional sphere of radius a, by the RAYLEIGH (15:16) 
boundary conditions so that the wave functions are now represented by the 
terms of the Schlümilch series. For instance, for particles of spin 0 


(4) TL, (1) = Ty, (1) — N (n) J,(mr[a) ) 4 ag MH m A ma? 2 mi 1, 2, pare 
and for the neutral heavy particles of spin à 


p(T) =P") Noir (nr/a) , 

(5) 
ae!" ( (Hn — o) + 2x2 — Ho) + (x'a)-2) = na, n=, 2, .... 

The mass spectrum of the elementary particles may be obtained from the 
equations (4) and (5) and the corresponding equations for yi’ (r) and is shown 
in the Table I. Here the constants 4’, 2”, a-? and «' have been chosen to be 
1.127, — 3.028, 1.574-10°m° and .0556 so that Uf, =, m and W particles 
have the masses 207, 270, 965 and 2182 m, respectively. Thus in order to, 
obtain a satisfactory mass spectrum for the seven known unstable elementary 
particles four arbitrary constants compared to three in I are used here and 
the mass terms of the wave equations have also been varied by arbitrarily 
chosen charge factors, which become necessary in order to account for the 
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TABLE I. — The calculated masses of elementary particles. 
i> es n ] 2 3 4 5 
Wave function —_ m, 


at 270 965 1899 3129 = 
pe +) 0.207 2280 (*) 4102 (*) De = 
y° 1836 2182 2491 2794 = 
yt 1836 2349 2673 | 2983 er 


(*) Denotes the particles for which rapid decay is allowed by the selection rules (S) and (17) 


charge asymetry due to the occurrence of y, and the validity of the model 
remains undecided. But although its predictions are unreliable we shall obtain 
strong supporting evidence for our scheme and the assignment of the quantum 
numbers of the Table I in the calculations of the selection rules for the inter- 
action field in the next section. 


3. - The transition matrix elements. 


The internal co-ordinate factor of the interaction amongst the a and w 
fields has been taken to be of the form 


(6) y, TT n) Pr y) 1 


1 


and hence its matrix element contains the factor 
[ce] 


Mi(n,imin) = [Car enr ay (nr re 


0 


— 
I 
— 


This integral is evaluated in WATSON (!) and it vanishes if 


(8) either m<|n,— n, 


a la 
or m>|n+ n. 
Other variants of these selection rules, which however appear to be less satis- 
factory, can be obtained, for instance, by letting the y wave function to be 
represented by 7-!/;(Vv4/3nr/a) so that the relation (8) is replaced by 


either m<|n,— | or =D, Ny =M= 1. 


Then the decays 7, >7,+7, and z,;~>{+vy{ are allowed and other conside- 
rations remain unaltered. 


1339 


412 P. SEN 
The selection rules (8) forbid the interactions 


(9) pira Pe) 5 
which prevent strong interaction decay 3, and although the decays 4,7 > 
urto, di > + xt, W—d,+7, are allowed by the selection rules 
they are forbidden by the principle of conservation of energy for sufficiently 
low initial energies. The observed and not the calculated masses must be 
used for the determination of the limiting energies. Then the decay 
Ue > +, is allowed and therefore the particle will remain unobserved. 
The above scheme also predicts the existence of the slow decay particles 
RR 

GELL-MANN and PAIS (2) have tabulated the reactions amongst the x and 
Ù particles and by the use of the selection rules (8) the reactions 


(10) | To 
|; 
| 


To > Ti + Ti) 


(13) 
UE A Lever, 


are forbidden. The only contradiction to the observed cross-sections occurs 
for the reactions (12) which are observed to be forbidden and to account for 
this a further selection rule seems to be required such that it involves the 
sums of the initial and final quantum numbers like the principle of conser- 
vation of angular momentum for the external co-ordinates. 
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Consider the reaction 
(14) VIa Tm, > Yn, Vn, Tm * 


Now we shall postulate that the wave function of the combined initial 4 part- 
icles in suitable relative co-ordinates is also a Bessel function of order 1 and 
the total internal quantum number N, in its argument describes a suitable 
mass relation so that 


(15) Par) = Ni (er )r1J(N;r/a) , N;, = +N2—1. 


i 


Similarly let initial and final x particles combine to be represented by the wave 
function 


(16) y(t.) = Ney) I (Mrla) , M=m,+m,—1. 


Furthermore if no x(L) particles occur in the initial and the final states of 
the reaction (14) then, since M(N;,) — 0 is physically insensible, let M(N,,) 
tend to an arbitrarily small and positive number e. Then the reaction (14) is 
forbidden if 


(17) either M<|N,;—WN,| or M>|N;+N;|. 


Now the selection rules (17) which supplement the selection rules (8) will in 
general also allow the previously allowed reactions (10) and (11) but will 
forbid the reactions (12) due to different arguments of the initial and final 
state Bessel functions, and this completes the demonstration of the assertions 
made in Sect. 1. 


4. — One dimensional model. 


Let us now construct a one dimensional model of the wave equations (1) 
which is of interest as it leads to strong interaction selection rules originally 
postulated by PAIS (1) and it also serves to clarify the physical picture of the 
more accurate model given above. Let the equations (1) be replaced by 


Rosà, 
i Sa d'a + | ee (7) =0 ’ 
(18) E 
E + a'"((x — 29)? + 22% — x9) + | al 


ee io | AE 


27 - Il Nuovo Cimento. 
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so that 
za. (1) iN) sim (0S '#x)?r) ; 


pi (r) = N; (x) sin ((x° — Axx + a-*)*r) , 
(19) : 


ph (r) = N}() sin (((% — 29)? + 24'uo(x — xo) + (a a) -*) Poe r) ’ 


pi: (er) = NF (x) sin (((% — %)? + (eater), 
and let the boundary conditions be that the wave functions vanish for r > a. 
Then we obtain, for instance for x,(r) 


(20) x, (1) = mur) = No(%m) sin (Marfa), x —A"HXotm= mal, m=1, 2,...5 
and hence the same spectrum as before is obtained and is shown in Table I. 
To obtain the selection rules for the interacting fields, the integral 


(21) Mi(n,|m|n,) =|sin (nyr/a) sin (marfa) sin (n,77r/a) ar, 


U 


has to be evaluated and it vanishes provided 
(22) N+ MH n, is even, 


which is the Pais postulate. These selection rules lead to associated production 
but allow the decay 43 >U +7. 


5. — Conservation of parity in non-local theory. 


In non-local theory the paradox of non-conservation of parity which has. 
been investigated by YANG and LEE (11), SALAM (12), LANDAU (13), and YANG (14). 
is resolved in a particularly simple and physically sensible manner, as only 
the total wave function, which is the product of the internal and external 
co-ordinate wave functions, is now required to be covariant with respect to 
the general Lorentz transformations and it is sufficient that each of the factors 
of the total wave function be covariant for the proper Lorentz transformations 
and that the parity of the total wave function be a good quantum number. 
Thus we obtain results similar to those of LANDAU (13) and YANG (14) who 
by enlarging the spacetime reflections to include simultaneous charge conju- 
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gation, have concluded that the combined parity is a good quantum number. 
Thus, in our model the mutually exclusive 7, decays are obtained by noting 
that, for instance, the parity of the internal co-ordinate wave functions can 
be conserved as well as not conserved provided the external parity which 
conserves their product is available. These decay schemes can also be further 
modified by correlating charge and intrinsic parity. 


6. — Conclusion. 


By describing elementary particles by a non-local field the conservation 
of parity is regained and all the intrinsic properties of the unstable particles 
that is their mass spectrum cross-sections and comparative stability, can be 
derived from one set of internal co-ordinate wave equations. It consists of 
four wave equations with four arbitrary constants and these are adjusted to 
give the masses and internal quantum numbers of the stable and the seven 
known unstable particles. Extra rapidly decaying and hence unobservable 
particles such as ¢, are found to occur in the model as well as the compara- 
tively stable particles z,, d{ and di provided the mass difference |L}{7 — Wi | 
is less than ~,. But due to its large arbitrariness its predictions are not 
reliable, for instance the sequence of quantum numbers, n? in (4) and (5) can 
be replaced by the sequence (5n+1): 1, 6,..., and then the decay J, > Ys +7 
is allowed. 

The interactions dr, and dr,d, are found to be forbidden by the se- 
lection rules that the quantum numbers of the allowed matrix elements form 
the sides of a triangle. Therefore the reactions (10) and (11) are allowed and 
the reactions (12) and (13) are forbidden. Furthermore the strong interaction 
decay of d, is forbidden and although the selection rules allow the decays 
ve > Uta, di > dita, ds > +. they are forbidden by conser- 
vation of energy for sufficiently low initial energy. Therefore we conclude 
that the model gives satisfactory agreement with the observed results. 

We note that the isotopic spin is conserved in this model and that as the 
internal quantum number is not necessary to establish the stability of the 
unstable particles for the electromagnetic interaction, it has not been con- 
sidered here, but it can be utilized to obtain better agreement with the ob- 
served mass spectrum. Perhaps a more attractive model, which would be 
closer to YUKAWA’s () proposal is to form only two internal coordinate wave 
equations for the bosons and the fermions, and to consider the total internal 
quantum numbers to be the sum of internal radial and spin quantum numbers. 
But since the photons and the z-mesons of spin 0 and mass 270 must both 
be in the lowest quantum state, degeneracy will occur and for instance there 
will be mesons of spin 0 and mass 0 and of spin 1 and mass 270. 
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1g Lasts) TURNO) 


Si fa notare che descrivendo le particelle elementari per mezzo di campi non locali 
il principio della conservazione della parita riacquista la sua validita. Si dimostra che 
una forma modificata di un precedente modello dell’equazione d’onda a coordinate 
interne dà un accordo soddisfacente collo spettro di massa, i decadimenti e le sezioni 
d’urto osservati per le sette particelle instabili conosciute e predice l’esistenza di altre 
particelle instabili pesanti. Si costruisce poi un semplice modello unidimensionale che 
dà lo stesso spettro di massa di cui sopra e le regole di selezione originali di Pais. 


(*) Traduzione a cura della Redazione. 
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On a Geometrical Theory of the Electromagnetic Field. 


D. W. SCIAMA 
Trinity College - Cambridge 


(ricevuto il 24 Dicembre 1957) 


Summary. — Weyl’s (1929) geometrical theory of gauge (phase) trans- 
formations for fermions and the electromagnetic field is generalized so 
as to apply to bosons as well. This is done by introducing complex base 
vectors. The resulting theory is closely related to the Einstein-Schro- 
dinger theory in its Hermitian form, and enables one to identify the 
electromagnetic field tensor. Two physical consequences are deduced 
from the theory: a) The charges of all bosons are integer multiples of 
a basic charge. b) The direct interaction between a particle and the 
electromagnetic field is invariant under space reflexions and time reflexions. 
A theoretical criterion is suggested (based on the argument leading to b)) 
for determining which interactions are parity conserving. 


1. — Introduction. 


The aim of this paper is to propose a new geometrical theory of the electro- 
magnetic field (1). 

Since many geometrical theories have already been proposed, some justi- 
fication is needed for introducing yet another one. The justification lies in 
the fact that the theory described here is not just a rewriting of the Einstein 
and Maxwell theories — it leads to new physical consequences. These are that 
the charges of all bosons must be integer multiples of some basic charge (?), 
and that the direct interaction between a particle and the electromagnetic 


(1) A brief account of the theory has already been given, Phys. Rev., 107, 632 (1957). 
However, this reference contains errors, and is superseded by the present paper. 

(2) The need for such a result has been emphasized by P. A. M. Dirac: Phys. Rev., 
74, 817 (1948), and E. P. WiGNER: Proc. Amer. Phil. Soc., 98, 521 (1949), for both 
bosons and fermions. 
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field must be invariant under space and time reflexions. Both these results 
are in agreement with observation (*). 

The theory consists of a generalization of Weyl’s second attempt (*) at a 
geometrical theory of electromagnetism, in which the gauge transformations 
of his original theory (°) became phase transformations (°). 

Weyl’s formalism will be recalled in the next section, but it will be con- 
venient to mention here its main advantages and disadvantages. These re- 
marks also apply to other theories of the same type (7). 


Advantages. 


(i) The electromagnetic field is «generated» by invariance arguments 
which specify the form of its coupling to matter (except possibly for terms 
depending on the field strength, which are usually excluded—the so-called 
principle of minimal electromagnetic coupling). This is in exact analogy with 
the gravitational field (where the corresponding principle is called the prin- 
ciple of equivalence). 


(ii) Despite its geometrical basis, the theory permits different particles 
to move in different orbits in the same electromagnetic field. This, of course, 
is in direct contrast with purely gravitational motion, and corresponds to the 
empirical fact that the charge-mass ratio e/m is not the same for all particles. 


Disadvantages. 


(i) The electromagnetic potential is part of the spin connexion only, 
and not of the affine connexion of the Riemannian space. As a result, only 
fermions can interact with the electromagnetic field, whereas we know empi- 
rically that some bosons interact with it too. In the conventional treatment 
of the electromagnetic field (*) the boson interaction is introduced by sup- 
posing that the boson field @ can undergo a phase transformation without 
altering the field equations. 

This supposition is based on the assumption that g occurs in the Lagran- 


(3) T. D. LEE and C. N. Yane: Phys. Rev., 104, 254 (1956), discuss the evidence 
for parity conservation in electromagnetie interactions. 

(4) H. WEyYL: Proc. Nat. Acad. Sci., 15, 323 (1929); Zeits. f. Phys., 56, 330 (1929); 
Phys. Rev., 77, 699 (1950). 

(5) H. WEyYL: Space-Time- Matter (New York, 1951), p. 282. 

(°) Unfortunately the phase transformations are usually still called gauge trans- 
formations. 

(€) V. Fock: Zeits. f. Phys., 57, 261 (1929); E. SCHRODINGER: Berl. Ber., 105 (1932): 
L. INFELD and B. L. v. DER WAERDEN: Berl. Ber., 380 (1933); W. L. BADE andH. 
JEHLE: Rev. Mod. Phys., 25, 714 (1953); P. G. BERGMANN: Phys. Rev., 107, 624 (1957). 

(8) W. PAULI: Rev. Mod. Phys., 13, 203 (1941). 
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gian only in the combination g*p. However, this procedure destroys the geo- 
metrical significance which phase transformations have in Weyl’s theory. 
Furthermore, in the absence of geometrical considerations, there is no 4 priori 
reason why the theory should be invariant under phase transformations — the 
Lagrangian might, for instance, contain terms of the form g*+qg**. It would 
be desirable, therefore, to have a geometrical theory in which bosons and 
fermions are placed on the same footing. 


(ii) The conditions imposed on the spin connexion do not determine 
it uniquely in terms of the metric. The electromagnetic potential is then the 
part of the spin connexion that cannot be expressed in terms of the metric. 
While this is a self-consistent structure, it is very unnatural from the geo- 
metric point of view. The electromagnetic potential is, as it were, thrust into 
the space from the outside, rather than being part of its intrinsic structure. 
It would be preferable if the electromagnetic potential could be expressed 
directly in terms of the metric (*). 


(iii) The second advantage actually goes too far, for it places no res- 
triction on the possible values of the charge of different types of particle, 
whereas in fact it appears that all charges are integer multiples of one basic 
charge. 


(iv) There is an arbitrary constant multiplying the Lagrangian of the 
electromagnetic field, so that the unit in which the potential is measured is 
undetermined. 


The theory described in this paper retains the advantages of Weyl’s theory, 
but eliminates disadvantages (i), (ii) and (for bosons) (iii). If the theory could 
be extended to eliminate (iv), it would lead to a value for the bare fine- 
structure constant. 

The theory will be described in detail in Sect. 3, and its physical conse- 
quences in Sect. 4. It can be simply summarized here by saying that it is 
essentially a complex version of Weyl’s theory. Thus, where Weyl introduces 
at each point of space four linearly independent real vectors e(z), these vectors 
are assumed to be complex in our theory. This implies that the metric tensor 
of the space is no longer the real symmetric tensor of Riemannian geometry, 
but it may be taken to be either complex and Hermitian or real and non- 
symmetric. This is just the type of geometry used by EINSTEIN (1°?) and 
ScHRODINGER (1112) in their unified field theories. 


(*) Cf. H. WEYL: Proc. Nat. Acad. Sci., 15, 323 (1929), bottom of p. 329. 
(19) A. Einstein: Rev. Mod. Phys., 20, 35 (1948). 

(11) E. Scur6pincer: Space-Time Structure (Cambridge, 1950). 

(12) M.-A. TonneLat: La Théorie du Champ Unifié d’ Einstein (Paris, 1955). 
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However, the complex vector fields are needed in order both to identify 
the electromagnetic field and to introduce its interaction with matter. 


2. — Weyl’s theory. 


21. Gravitation. — The starting-point of this theory is the introduction of 
local Cartesian axes (1) at each point of a Riemannian space (with Minkowskian 
signature). 

These axes consist of four linearly independent real (14) vector fields e(«), 
which I propose to call eons (1). When an arbitrary co-ordinate system is 
introduced into the space, the eons will have components e,(«) (15). It is con- 
venient to choose the eons so that they are (Minkowski-) orthonormal with 
respect to the metric g;; of the Riemannian space. When this is done, we have 
the relation 


(2.1) gii = n(ab)e;(x) e;(B) , 


where 


Tensor quantities: can then be referred to their eon-components, e.g. for 
a vector 


The elements of interval ds? can then be written 
ds? — Gij da? dai ’ 


= 7(«P) dx(x) dx(B) , 


(%) L. P. EISENHART: Riemannian Geometry (Princeton, 1926), Chap. III. 

(14) WEYL takes e(4) to be pure imaginary, but as a preparation for our generalization 
it is more convenient to take e(4) real, and to introduce the matrix 7(«f) in (2.1). 

(!°) They are variously known as vierbeine, tetrads, tetrapods, orthopods, qua- 
druplets, four-legs and répères mobiles. 

(5) In what follows, Greek indices always number the eons, Latin indices refer 
to the co-ordinate system. The summation convention is used for both sets of indices. 
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which shows that the dx(x) are co-ordinate differences in the local tangent 
flat space. They are written with a line through the d to emphasize that they 
are not perfect differentials unless the Riemannian space is flat. 

In a space with a given metric, the eon field is not uniquely determined 
by (2.1). Any solution of (2.1) remains a solution under a Lorentz trans- 
formation L(xB) defined by (1°) 


L'(xB)n(By)L(yd) = n(aò), 


where L’ is the transpose of L. 

Furthermore, the parameters of L need not be the same at different points 
of the Riemannian space, but,can vary arbitrarily with position. 

The laws of physics are assumed to be invariant under these arbitrary 
Lorentz transformations (18) as well as under arbitrary co-ordinate trans- 
formations. 

This new invariance property leads as usual to an identity. To obtain 
this identity, consider for simplicity the Lagrangian density £ of a single ma- 
terial field, y. For an infinitesimal Lorentz transformation we have the va- 
riational equation 


d{Ldt = [2.00 der(x) AT +/5- spdr=0, 


where (x) (— S£2/de”(x)) is the energy-momentum tensor density of the 
material field. Assuming the material field equations d£/dsy=-0 to hold, 
we get 


fra der(a)dt = 0. 
Now for an infinitesimal Lorentz transformation we have 
de?(x) = do(xB)n(By)e" 
where do(x8) is an infinitesimal skew-matrix depending arbitrarily on position. 


It follows that T,(x)n(By)e”(y), that is, T(x}), is symmetric in «, f. Since 
we have 


Ti; = €;(x) e;(B) Tab), 


it also follows that &,; is symmetric in è, j. In the limit of special relativity, 


(17) F. D. MurnaGHan: The Theory of Group Representations (Baltimore, 1938), 
p. 352. 
(18) For our present purpose we need consider only proper Lorentz transformations. 
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this symmetric T,; coincides with the Belinfante-Rosenfeld definition of the 
energy-momentum tensor density of a material field (7). 

We now introduce an affine connexion for the eons. To do this we paral- 
lelly transfer the eons at one point P to a neighbouring point P' by means 
of the affine connexion /", of the Riemannian space. These transferred eons 
will in general differ infinitesimally from the local eons at P’. We shall make 
the simplest possible assumption about this difference, namely that it con- 
sists of an infinitesimal Lorentz transformation L(x), where 


L(xp) = 3(xB) + do(xp) , 


do(x8) being an infinitesimal skew-matrix (and not a perfect differential, unless 
the space is flat). We further assume that do(x8) depends linearly on the 
displacement PP’ (= da’); that is, 


do(xB) = 0,(xb) da? . 


Then 0,(x8) is the (skew) connexion we are seeking. 
This connexion can be expressed explicitly in terms of the eon field as 
follows. From the definition of 0,(x5), we have 


\ oP 
CE) à prea) + oa) = 0, 

that is, e?(x) has vanishing covariant derivative. This equation can be re- 
garded as defining both 7%, and 0,(x), for 0,(xB) can be eliminated by using 
its skewness in «, f, and /", can be eliminated by using its symmetry in 7, q. 
The first elimination leads just to the Christoffel relations for 7% (in terms 
of e?(x), of course, rather than g%), while the second elimination leads to 


{e%(a) 0,(By) + €%(B) 0.(ya)} = e,(y) (oe e eu(x) SI | 


at Oat 


We can calculate 0,(x}) from this by cyclically interchanging the Greek indices 
and combining the resulting equations. 

The gravitational field equations can now be expressed in terms of e?(a) 
instead of gy. In order to do this we define a curvature tensor in the usual 
way, that is, from the change in an arbitrary vector A(«) when it is parallelly 


(19) L. RoseNFELD: Acad. Roy. Belg., 18, No. 6 (1940). 
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transferred around an infinitesimal closed circuit. The result is 


00, lo 
RE) = we = = Cp(aY) Ca(yB) — 0,(ay) On(yB), 


which is skew in p, q and «, 6. By comparing the changes in the vectors 4‘, 
A(x), we get the relation 


(2.2) papi Be, €,(c)e (8), 


where R',, is the Riemann-Christoffel curvature tensor. 


We may define a curvature scalar R by the relation 


R= e? (a jes (B) E pa (xp) . 


It follows from (2.2) that R is equal to the Riemannian curvature scalar. The 
Lagrangian density of the gravitational field is now taken to be 


ek, 


where e is the determinant of the matrix e;(x) (and is equal to V— g). The 
vanishing of the variation of | (cR+£)dt, with respect to e?(«) then leads to 
the gravitational field equations. 


22. Electromagnetism. — So far our account of Weyl’s theory has consisted 
simply of a rewriting of Einstein’s theory of gravitation in terms of eons. 
We must now see how WEYL introduces the electromagnetic field. This is 
done in terms of the spin connexion which will next be defined. 

The first step is to introduce at each point of the Riemannian space Dirac 
matrices which are vectors with respect to the Cartesian frame e(«). These 
matrices y(x) satisfy the commutation relations 


v(x) y(B) + y(B)y( n(xp)1 


Now there exists (2°) a matrix S such that 


(2.3) L(aB) y(B) = Sy(«)8>. 


This matrix S (spin transformation) is uniquely defined in terms of L up to 


(29) R. BRAUER and H. WEyYL: Am. Journ. Math., 57, 425 (1935); W. PAULI: Ann. 
Inst. H. Poincaré, 6, 109 (1936). 
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an arbitrary complex factor k. This factor can be normalized by requiring 
that 
det S —1, 


which restricts k to +1, + i. The latter two values can then be excluded 
for proper Lorentz transformations L by requiring that these L should give 
rise to a connected group of spin transformations S. 

If (2.3) is solved for an infinitesimal Lorentz transformation 0(x8)+do(xb), 
we get (21) 


where 


Now in order to differentiate a spinor field with respect to position, the spinor 
at one point must be parallelly transferred to a neighbouring point and then 
subtracted from the spinor actually at that point. However, these two spinors 
will be referred to eons that differ by the infinitesimal Lorentz transformation 
S(xB) + do(xB), where do(«B) is 0,(xB)dx?. The spinors themselves will then 
differ by the corresponding infinitesimal spin transformation, in addition to 
their basic dependence on position. Hence the covariant derivative of a spinor 
field y is given by 


cpr cl E 
Vip = da? oe 9 0p(xB)S(aB)wp € 


The spin connexion o, is thus given by 
Op = 3% (xp) S(cp) 


If the Dirac Lagrangian is rewritten with covariant derivatives instead 
of ordinary derivatives, then the extra terms involving o, describe the coupling 
between the y field and the gravitational field. 

WEYL introduced the electromagnetic field into his theory by generalizing 
the normalization condition for the spin transformation S. Instead of re- 
stricting k by taking S to be unimodular, he allowed the phase of Æ to be an 
arbitrary function of position. This introduces an extra term into the covariant 
derivative of a spinor field depending on the difference dk between the values 
of k at the two neighbouring points. This difference is assumed to depend 
linearly on the displacement, so we can write 


dk = ik, der. 


(2!) E. M. Corson: Introduction to Tensors, Spinors and Relativistic Wave Equations 
(London, 1953), p. 40. 
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Since dk is assumed to be an imperfect differential, k, is a new non-integrable 
vector field, that is, it is not in general the gradient of a scalar field. The 
covariant derivative is now given by 


lo * 
Vip ae + Cp rt tk,p ’ 


so it is natural to identify k, with the electromagnetic potential. 
If this new covariant derivative is inserted into the Dirac Lagrangian, 
there arises the familiar coupling term 


j?k,, 
where 
j= ep'y(a)er(a)p . 


In this form the theory is invariant under the transformation 


y= ey, 
20 


kp = nee . 


The identity derived from this invariance is, of course, the conservation of 
charge 
Oj” 


This is a covariant equation because j? is a vector density. 

The scheme is completed by adding a Maxwellian Lagrangian (with an 
arbitrary coefficient) to the previous Lagrangian. The advantages and dis- 
advantages of this scheme have been discussed in the introduction, where it 
was concluded that a new theory is needed. An attempt at such a theory 
is described in the next section. 


3. — Theory of complex eons. 


We begin by assuming that it is possible to introduce at each point of 
space four linearly independent complex vectors e(x). The metric tensor of 
the space (g;;) cannot now be real and symmetric. However, it can be either 
complex and Hermitian or real and non-symmetric. In the former case we 
can suppose that the complex eons are « orthonormal » in the sense that 


(3.1) Ii; = n(ab)e,(x)e; (8) , 


where the star means complex conjugate. The latter case can then be derived 
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by taking the symmetric and skew parts of the metric to be respectively the 
real and imaginary parts of g,;. However, we shall confine ourselves to the 
complex Hermitian case. 

We see then that the space of the complex eon fields is also the space of 
the Einstein-Schrôdinger theory (1°12). Now this theory is usually thought 
not to contain the electromagnetic field, since its equations of motion do not 
yield the Lorentz force (??). 

This led the author (2%) (following PAPAPETROU and ROBINSON) to suggest 
that the theory described just the gravitational field, which would be Her- 
mitian (or non-symmetric) if its sources had spin. 

However, we shall see that the introduction of complex eons enables one 
to adapt the Hinstein-Schrédinger formalism so that it includes electromag- 
netism, without affecting the interpretation in terms of spin. 

Let us first consider the physical significance of complex eons in relation 
to the real eons which an observer can introduce as his Cartesian reference 
system. In the previously quoted paper (2%) it was shown that in the Hinstein- 
Schrédinger theory the orbits of neutral test-particles are the geodesics of a 
Riemannian space whose contravariant metric tensor is g'' (or, in terms of 
the complex metric, the real part of g°°). Hence the physical space in which 
the observer will map the gravitational motions of bodies is this Riemannian 
space. The original space has no direct physical significance, but it makes 
its presence felt indirectly by virtue of the fact that Einstein’s original (1916) 
field equations will not hold exactly in the Riemannian space. A similar si- 
tuation arises with the complex eons. They have no direct physical meaning, 
but real eons which do can be constructed from them. This construction is 
demonstrated in the relation 


m(oeB) (€* (2c) e*(B) + e**(0c) e'(B)) = 29g" = 2y (af) .B" (a). E(B) , 


where N means the real part of, and H*(«) are the real, physical eons. Of 
course, the complex eons cannot be completely eliminated in this way since 
the real eons will not satisfy the Weyl equations described in the last section. 

We can now carry through the complex generalization of the Weyl theory 
in the obvious way. The complex eons are not uniquely defined by (3.1); 
any solution remains a solution under a « quasi-unitary » transformation U(xf) 
defined by 


U'(xB)n(By)U(yd) = n(aòd), 


where U' is the conjugate transpose of U. 


(22) J. CALLAWAY: Phys. Rev., 92, 1567 (1953); W. B. Bonnor: Ann. Inst. H. 
Poincaré, 15, 133 (1957). 

(23) D. W. ScrAMA: Proc. Camb. Phil. Soc., 54, 72 (1958); cf. also O. Costa DE 
BEAUREGARD: Journ. de Math., 22, 85 (1943) especially footnote 1 on p. 129. 
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Hence the relationship (3.2) between £'(x) and Æ'(x) is unaltered by in- 
dependent unitary transformations of the e’(«) and Lorentz transformations 
of the Æ'(x). 

By analogy with the real theory of Sect. 2, we now assume that the con- 
nexion /", is Hermitian and that the eon connexion is skew-hermitian. We 
write this latter connexion «,(x}) since it has to do with quasi unitary trans- 
formations rather than Lorentz ones. The two connexions are determined by 
the equations 

de? (a) 


(3.3) aya tL rae (Xx) + Mala) er(B) = 0. 


As before, the eon connexion can be eliminated, this time using its skew- 
hermitian property. The result is 


where (3.1) has been used to eliminate the eons. This equation, with its cha- 
racteristic + — differentiation, is well-known from the Einstein-Schrôdinger 
theory (10:12), 
We can also eliminate 77, by using its Hermitian property. This leads to 
0e*? (a) 
0x9 


0e" (b) 


e*T(c 
(@) art 


e?(y) e*9(x) ug(By) + e*?(y) E(B) Ualya) = e2(8) 


? 


which gives w,(x}) in terms of the eon field. 
The curvature tensor derived from «,(xf) is given by 


Ou(xb) Ou, (xp) 


dx? da 


(3.4) Rya(%B) = F (ay) Ma(yB) — Waly) Uo(YB) ; 


which is skew in p, q and skew-hermitian in «, f. It is related to the curvature 
tensor formed from 7%, as follows 


(3.5) E,g(0P) = R°,,6,(x)e°(B) . 
It has two interesting contractions, the scalar curvature R given by 
R= e?(a) e*a(B) R,a(xB) 


and its trace. R,,(%«) (which was zero in the real case). From (3.5) we have 
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the relation 
B(x) = E, 


which we shall need later. 

We now consider the physical meaning that can be given to this geometrical 
structure; in particular we shall attempt to identify the electromagnetic field. 
As was pointed out earlier, physical space is determined by the contravariant 
metric tensor g”. In order to describe matter, we introduce a field œ into 
physical space, which may transform like a scalar, spinor, vector, etc., under 
Lorentz transformations of the real physical eons H*(«). Now comes the crucial 
step: we suppose in addition that g transforms like a scalar density of weight À 
under quasi-unitary transformations of the complex eons. More complicated 
transformations laws can be envisaged, which may have to do with families 
of elementary particles, but for our present purpose the discussion will be 
restricted to the simplest possibility. 

The covariant derivative of our field quantity g will contain an extra term 
arising from its density character. This is so because after parallel transfer 
to a neighbouring point, it will be referred to an eon frame differing from the 
local one by an infinitesimal quasi-unitary transformation. This transformation 
will alter the value of g and so contribute to its derivative. The magnitude 
of this contribution is 


Au, (ace) . 


This suggests that we interpret v,(xa) as the electromagnetic potential, 
and À as the charge-density of the g field (in arbitrary units). If the o field 
is quantized, À would then be a measure of the charge of the resulting particles. 
We can support this interpretation by an explicit calculation of u,(««) in terms 
of the eon field. From (3.3) we have 


202) 
Out 


— (af) = e,(B) + e,(B)e (x) Dra - 


Now the real part of v,(xf) is skew in «, 6, and so contributes nothing to w, (xx). 
Hence 


It follows that a quasi-unitary transformation of the eons of determinant 
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e" induces the transformations 


I 1107 


Dore 
7 . 00 
Up(ca) = Upea) — 1 —, 
OX? 
which is just the phase transformation characteristic of electromagnetic theory. 
This makes our interpretation of w,(xx) a reasonable one. Furthermore, by 
giving phase transformations this geometrical interpretation, we ensure that 
the g field can interact with the electromagnetic field whether g is a tensor 
or a spinor quantity in physical space. The only basic assumption we have 
made is that the laws of physics are invariant under quasi-unitary transfor- 
mations of the complex eons. From the geometrical point of view this is a 
very natural assumption. 

The electromagnetic field F,, is defined by 


P CU, (xx) 
Da Ou? Cara 


2 


From (3.4) we have 


where 


Hence the electromagnetic field in the Einstein (!) theory is R7,,. Now 
if one adopts Hinstein’s variational principle this quantity vanishes (1), so 
that one would then expect the equations of motion to refer to neutral part- 
icles only. However, if one adds to the Hinstein Lagrangian a Maxwellian 
Lagrangian for F,, and a material Lagrangian (containing covariant deriva- 
tives), one obtains non-vanishing electromagnetic effects. This will be dis- 
cussed in detail elsewhere. We end this paper with a brief account of some 
physical consequences of the theory. 


4. — Physical consequences of the theory. 


(a) From the group theoretical point of view the weight À can be any 
constant. However, one can restrict its possible values by physical consi- 
derations. Suppose gy describes an assembly of bosons. This system has a 


Ss 28 - Il Nuovo Cimento. 


450 D. MW. SCIAMA 


well-defined classical limit when à large number of particles are in the same 
state. In this limit, is a classical field-strength (or rather potential), which 
can be measured by means of a (complex) g-charge. If this charge is 9, say, 
then the (real) force acting on it due to g will be (#4) the gradient of the 
quantity gp*+g*p. Now if À is not an integer, the phase of gy will not be 
completely determined by the field equations: g will be of the form Wier 
where n is any positive or negative integer (or zero). Similarly, g will be of the 
form g,e?""’, where m is unrelated to n. Hence the force on g will not be 
single-valued. However, this is impossible since the force is measurable. It 
follows that 2 must be a positive or negative integer (or zero). Hence the 
charges of all bosons have (positive or negative) integer ratios. 

Unfortunately, this argument does not apply to fermions, which are pre- 
vented by the Pauli exclusion principle from having a classical limit. In ad- 
dition, of course, a spinor field is not measurable because it does not transform 
as a single-valued representation of the Lorentz group. 

The quantization of charge for bosons suggests a method of calculating 
the (bare) fine-structure constant x. For presumably the charge e corresponds 
to taking A equal to 1. However, this does not determine « directly, because 
at this stage of the theory the vector potential is measured in arbitrary units. 
These units will be determined by the Lagrangian of the theory, unless it 
contains an arbitrary constant. This question will be discussed in detail in 
another paper. 


(b) The quasi-unitary group contains the operators that invert the eon 
axes e‘(x). Furthermore, these operators are continuous with the identity, for 
the quasi-unitary group is connected (25). 

Hence, the geometrical properties of the base space (and so electromagnetic 
effects) cannot detect the chirality of the Æ'(x) frame, since there is no covariant 
relation between the chiralities of the e'(x) frame and the H’(«) frame — the 
relation can be changed in a continuous way by quasi-unitary transformations 
of the e'(x). It follows from this that the direct interaction between a particle 
and the electromagnetic field is invariant under a space reflexion and a time 
reflexion of the Æ'(x). 


This consequence of the theory is known to be true experimentally to con- 
siderable accuracy (*). Until recently it would have seemed a rather trivial 
result, but the discovery of parity non-conservation in weak interactions (2°) 


(24) G. WENTZEL: Quantum Theory of Fields (New York, 1949), p. 60. 

(5) H. WeEyL: The Classical Groups (Princeton, 1946), p. 194. Wry. proves this 
for the unitary group, but the proof carries through for the quasi-unitary group. 

(2) C. S. Wu, E. AmBLER, R. W. Haywarp, D. D. HoPPEs and R. P. Hupson: 
Phys. Rev., 105, 1413 (1957); R. L. GARWIN, L. M. LEDERMAN and M. WEINRICH: Phys. 
Fev., 105, 1415 (1957); J. I. FRIEDMAN and V. L. TELEGDI: Phys. Rev.,105, 1681 (1957). 
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has raised the general question of why parity conservation holds for some 
interactions and not for others. 

Our theory suggests that for an interaction to be parity conserving its 
underlying group must in some way counteract the discontinuous nature of 
space-time reflexions (27). 

Whether this is indeed true for strong (non-electromagnetic) interactions 
remains to be seen. 


I am grateful to the Harvard College Observatory, to Trinity College, 
Cambridge, and to RIAS, for their support and encouragement while this 
work was being performed. 

I should like to thank Professor P. A. M. Dirac, Dr. D. FINKELSTEIN, 
Dr. C. W. MIsnER, Dr. O. PENROSE, Dr. R. PENROSE, Professor A. SALAM 
and Dr. J. C. TAYLOR for helpful discussions. 


(29) (Chi, IPs A IME Dirac 20e Mode née, Vl, 992 (HO) di, Wil, duo: amd, JP, 
RonRrLIoH: The Theory of Photons and Hlectrons (Cambridge, Mass., 1955), p. 86. 


RIASSUNTO (*) 


Si generalizza la teoria geometrica di Weyl (1929) delle trasformazioni di gauge 
(fase) per fermioni e per il campo elettromagnetico in modo da renderla applicabile 
anche ai bosoni. Ciò si ottiene introducendo vettori complessi. La teoria che ne risulta 
è strettamente connessa alla teoria di Einstein-Schrôdinger nella sua forma hermitiana 
e permette di identificare il tensore elettromagnetico. Dalla teoria si deducono due 
conseguenze fisiche: a) le cariche di tutti i bosoni sono multipli interi di una carica 
base; b) l’interazione diretta tra una particella e il campo elettromagnetico è inva- 
riante per le riflessioni dello spazio e del tempo. Si propone un criterio teorico (basato 
su un argomento che conduce a b)) per determinare quali interazioni conservino la parità. 


(*) Traduzione a cura della Redazione. 
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Relativistic Calculation of the Imaginary Part 
of Radiative Level Displacement for the Hydrogen Atom. 


L. KAAGJARY and S. T. MA 


The F. B. S. Falkiner Nuclear Research and Adolph Basser Computing Laboratories, 
School of Physics (*), The University of Sydney 


(ricevuto il 30 Dicembre 1957) 


Summary. — This article contains a relativistic calculation of the ima- 
ginary part of the radiative displacement of excited levels of the hydrogen 
atom. It starts with a quantum-electrodynamical expression for the self 
energy of a bound electron which has been used in the latest caleulation 
of the Lamb shift. The imaginary part of this self energy is here con- 
sidered to the same degree of accuracy as the Lamb shift. The results 
for the 2S and 2P levels are compared with the non-relativistic results 
calculated along the lines of a well known paper by WEISSKOPF and 
Wicxer. It is found that there are no relativistic corrections to the 
desired order of accuracy. 


1. — Introduction. 


According to a well known paper by WEISSKOPF and WIGNER, the inter- 
action between the radiation field and an atom in an excited state gives rise 
to a displacement of the excited level, and also an exponential decrease of its 
probability amplitude with a life time whose reciprocal y is equal to the total 
transition probability for spontaneous emission, and determines the natural 
line breadths. Using the idea of complex eigenvalue of GAMOW and others, 
one may attribute the exponential decrease to an imaginary part of the ra- 
diative displacement, namely, Im AH = —hy/2. A non-relativistic calculation 
along the lines of WEISSKOPF and WIGNER’s paper gives 0 and 99.8 MHz for 


(*) Also supported by the Nuclear Research Foundation within the University 
of Sydney. 
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the numerical values of y/2x for the 2S and 2P levels of the hydrogen atom (1). 
The latter corresponds to an expression of Im AH of the order of ux?, where 
u = me? is the rest energy of the electron and «= e2/he is the fine structure 
constant. 

In recent years both the level displacement and the level width have been 
worked out relativistically. The level displacement calculated according to 
renormalized relativistic quantum-electrodynamics turns out to be in good 
agreement with the observed Lamb shift. On the other hand, relativistic cal- 
culations of the level width, the literature of which may be found in recent 
books on quantum electrodynamics (74), show that the original non-relati- 
vistic treatment of WEISSKOPF and WIGNER gives an excellent approximation. 

In the present article we deal with a related problem, namely, a relativistic 
calculation of the imaginary part of the radiative level displacement. We 
take as our starting point an expression for the self energy of a bound electron 
derived from the Feynman-Dyson form of quantum electrodynamics. It is 
worked out in the Furry interaction representation, and takes account of the 
emission and absorption of one and only one photon. The real part of this 
self energy is responsible for the majority of the Lamb shift. BARENGER, 
BETHE and FEYNMAN (5) have recently improved its expectation value to the 
order of ux5 and have obtained a result which agrees with that of an indipen- 
dent work of KARPLUS, KLEIN and SCHWINGER (°). It is our object to work 
out the imaginary part of the same expression to the same degree of accu- 
racy. We do not consider the contribution from the emission and absorption 
of two photons, which is known to give a very small Lamb shift (’). 

The fact that the imaginary part of this self energy when calculated does 
indeed give the correct rate of radiation was briefly mentioned by FEYXMAN. 
Using the relation between Im AF and the transition rate y one may derive 
the dependence of Im AZ on the matrix elements of radiative transitions from 
that o y. For the sake of completeness we shall give in Sect. 2 a direct 
derivation of a formula for Im AF which will be needed for subsequent con- 
siderations. Our derivation is the exact relativistic version of a derivation 
of reference (*) for the Weisskopf-Wigner approximation. 

On the basis of the formula derived in Sect. 2, we shall discuss in Sect. 3 
the numerical values of Im AZ for the excited 28 and 2P levels of the hydrogen 


(1) W. E. Lams: Reports on Progress in Physics, 14, 19 (1951). 
(2) W. HEITLER: Quantum Theory of Radiation (Oxford, 1954). 
(3) J. M. Jaucx and F. RonrLIcH: Theory of Photons and Electrons (Cambridge 
Mass., 1955). 
(4) H. UmezawaA: Quantum Field Theory (Amsterdam, 1956). 
(5) M. BARANGER, H. A. BerHE and R. P. FEYNMAN: Phys. Rev., 92, 482 (1953). 
(6) R. KaRrPLUS, A. KLEIN and J. SCHWINGER: Phys. Rev., 86, 288 (1952). 
(O) ihe 1, Suse JENS: ICO. 8902910958) 


1361 


434 L. KAAGJARV and Ss. T. MA 


atom. There is no difficulty in working out the exact results, but it will be 
sufficient for practical purpose to assess the numerical values to the order 
of uz5. It will be seen that, to our prescribed approximation, there are no 
relativistic corrections to the numerical values mentioned at the beginning 


of this section. 


2. — Derivation of Im AZ from quantum electrodynamics. 


In the following we put ¢ and 7 equal to unity and use the same a, 6 matrices 
as in reference (2). The Dirac equation for a stationary state n of an electron 
in the Coulomb field of a proton is then of the form 


(1) [a-p + Bm +V(r)]pr(x) = Enya(a), 
where 
(2) V(r) =— e/r 


and £, may be positive or negative. The corresponding time-dependent wave 
function is 


(3) Walt) = n(x) exp [— dEi]. 


We assume y,(x) to be normalized, and use g,(p) to denote its Fourier trans- 
form. Let y,=y;8, %,=9@ 8. 

We use the same y matrices y; = fa;, yo =f, the same summation con- 
vention, and the same propagation kernel (denoted by X(x,, x) here) as in 
reference (5). The Fourier transform of K(%,,x,) is of the form 


(4) K (po, Pi) = d(Pro — Pro) K(E; ps, Pa) (E = Pro = Pro). 


As in reference (°), we take as our starting point the following expression for 
the self energy of an electron in a bound state a of a hydrogen atom: 


(5) AK, = — edt) fat He L1)VuPa(t1)(1/£°) exp [— dt: (x, — ta)l: 
dE dr dr, dit. — t,) 

where 

(6) RE a 


k= k with an infinitesimal negative imaginary part, and d'% = dk de. In 
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terms of the Fourier transforms, AH, becomes 


(7) AF, =— EUR) [pupo KB, — ©; p.— k, p, — k): 
Y Pal Pr)(1/f*) Atk dep, dép, . 


According to the procedure of mass renormalization, a term involving the self 
mass Am should be added to AH,. Since this renormalization term is real 
and we are interested only in the imaginary part, it is left out for brevity. 

To separate out the imaginary part of AH, we use the following general 
expression for the propagation kernel 


D pula) Pal), (Ga) 
En>0 
(8) K (te T1) = 
| — > wolte) Gals) (ty < th) 
E,,<0 
Eqs. (4) and (8) give rise to 
(9) K(E; poy Pr) = À > pap:)Pn(p1)|(E — E,), 


where /, contains an infinitesimal imaginary part which is negative for #, > 0 
and positive for £,< 0. Using the formula 


; 1 al ri il ; 
0 =— | = EE: 
19) [eo SaS e en 2 I 


we obtain from egs. (7) and (9) 


(11) AR=— @2(4n8)1Y | BAL (kL (hk) * kB, — E ok), 
vy 

where 

(12) Pak) = [pp a. 


An alternative espression for Dik) that follows from eq. (12) is 
(13) PV) = [run () exp |[ik-a]d8x. 
Owing to the infinitesimal imaginary parts of £, and k, 


al 17 


> E — ni Ob, = —= Gyk 4 
E, MIS ok Ka = E, —o,k TO» ( Ù b ) 


(14) 
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where P denotes the principal value and the expression E, — E, — o,k is taken 
to be real on the right-hand side. The term involving the d-funetion gives 
rise to an imaginary part of AH,, namely 


(15) Im AH, = @(4n)4 Y(E- By) [AQP PUT NY, (k = E,—E;), 


b 


where > extends over all the positive-energy states b with 4 < £,, and dQ 
b 
denotes an element of solid angle in the k-space. 


The right-hand side of eq. (15) involves in a symmetrical way all the four 
components of the photon field. Since only transverse photons are emitted 
in a physical process, it is to be expected that the longitudinal and scalar 
components cancel each other. That this is indeed the case may be seen as 
follows. From eq. (1) we obtain, for k= #,— #,, 


(16) wa (x(k —a-k)y,(x) exp[tk-x|] a = 0. 
Hence 
(17) DK) = (1/k)k-T®(k), 


and therefore eq. (15) reduces to 


(18) Im AH, = @(42)-! S (E, E.) JL e Th), (k = E, E); 
v 

where e denotes a unit vector of polarization. The result now depends only 

on the transverse component of the vector 


(19) Tk) =| pX(x)ay,(x) exp [ik- x] dix . 


Eq. (18) gives the exact relation between Im AZ, and the relativistic tran- 
sition matrix-elements associated with the emission of transverse photons. 
The usual non-relativistic result may be derived from it by making two ap- 
proximations: (i) the dipole approximation which amounts to putting the 
exponential factor equal to unity; (ii) the non-relativistic approximation, i.e. the 
use of the Schrédinger wave functions, y say, instead of the Dirac wave fun- 


v 


ctions y. Making these approximations in eqs. (18), (19) one obtains 


(20) Im AE, = (2/3)e® > (#, — H,)|T"|*, 


b 


with 


(21) tT” — (Lim) | 22 (pt) dx 


DO 
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3. — Numerical values of Im \# 


Using the non-relativistic Schrodinger wave functions for the hydrogen 
atom, one obtains from eq. (21) the results 


(22) | Def = () (2 SN Se ] S), 
(23) le i 25) (CAPES 


Eqs. (20), (22), (23) and the Bohr formula 
(24) H,— H, = (3/8)ma? 


lead the non-relativistic results mentioned in the introduction, namely 


(25) Ten = 0) 
(26) Im AEF |,, = — (1/2)(2/3)* mas . 


It is our object to consider the realtivistic corrections to eqs. (25) and (26). 
The evaluation of the integral in eq. (19) requires the use of the Dirac wave 
functions for the hydrogen atom. Let Q, denote the normalized spherical- 


harmonic spinor associated with the quantum numbers J, j, m (*). For example, 


1 0 
ia be 
(29) QM) = — am (71,9) 


The large and small components of the Dirac wave functions for the states 
under consideration are then of the following form 


(30) Y= reer, Ys = Air) u(r) Opn (28,) 
(31) pis (AMM = (MU) (2P,) 
(32) TECO SME SATO (2P,) 
(33) Y= (Arno, a Ar) v7) QP, (18,) 


(8) H. A. Kramers: Quantum Mechanics. (Amsterdam, 1957). 
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On account of the factor HZ, — H, in eq. (18), the transitions between the 
states of the same n are negligible, so that the 18 states are the only final 
states to be taken into account. Consider first the transitions 29, — 14: 
From eq. (19), (30), (33), (27), (28) we obtain, for the initial state m,= 4 
and final states m= ++, 


(hg e), da I(e,k, — e3k3)(1/k) 
(34) 

(He) = — d[ez(k, — tk,) — (e, — 1e)k5](1/) , 
where 
(35) 1 | (ufo, — uv.) (kr) dr, 


0 


j, being a spherical Bessel function. Summing over the two directions of 
polarization e and integrating over all direction of k we obtain from eq. (34) 


(36) Joe SI €)m.m}=80]I|?. 


my € 


It can be shown that the same result holds also for the initial state m,= —3. 
The normalized radial wave functions «, v involved in the integral of eq. (35) 

may conveniently be expressed in terms of the variable 

(37) C= nar 


We have, approximately, 


uy = — (ma/2) exp [— 0/2]0(1 — 0/2) 
(38) 
ls = — ia(ma/8)} exp [ — o/2]o(1 — 0/4) 
vu =— 2(ma) exp [— ele 
(39) 
v = — ia(ma)*? exp [— olo. 


The exact expressions differ from these by factors which are functions of © 
and «?, and which tend to unity as a > 0. 
The function 7, may be expanded into a power series of the form 


(40) ji(kr) = (1/3)kr +... . 


On account of eq. (37), the variable » is of the order of 1/ma relative to the 


1366 


RELATIVISTIC CALCULATION OF THE IMAGINARY PART ETC. 439 


variable o. Hence the factor kr is of the order of x relative to 0. As mentioned 
in the Introduction, we wish to evaluate Im AH, to the order maæf. This 
requires the determination of J to the order x2. One may therefore take only 
the leading term in the expansion of eq. (40), so that eq. (35) becomes 


(41) Thi UE ur 


and use the approximate expressions (38), (39). A simple calculation shows that 
the integral J then vanishes. Hence there is no relativistic correction to the 
result (25) for the 2S states, in our approximation. 

Alternatively, one may attain the same degree of accuracy by expanding 
the exponential function exp |[ik-x] in eq. (19) and take only the first two 
terms, which correspond to the dipole and quadrupole radiation. This pro- 
cedure leads again to eqs. (34), with / given by the approximate expression (41). 

Let us consider now the transitions 2P +18 to the same order of ac- 
curacy. Again, we may confine our attention to the dipole and quadrupole 
radiation. It can be seen from eqs. (31)-(33) that there is no quadrupole 
radiation for 2P + 1S. One may therefore omit the exponential factor alto- 
gether. It then follows that, for the transitions 2P, > 18, (Mar, Mm= +4); 


(Te); = l'es, 
(42) 
(Te), _, = l'(e, — ie) 
where 
(43) | | (uso, — = uso.) dr. 
0 
From eqs. (42), 
(44) fae dd (Le) mgm,|2 = 82 | I’ | 
4 my e 
a result which is valid also for m,=—4. Now v,, v, are given by the ap- 


. . ! 
proximate expressions (39) and w,, uw, by 


(45) | 


| u = (ma/24)? exp [— 0/2]0° , 
| u, = — ix(3ma[32 )? exp [= o/2]o1— 0/6), 


which differ from the exact ones by factors of a type mentioned previously. 


‘ 
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Consequently, the value of I’ to the order of «? may be obtained by using 
eqs. (39), (45), i.e. 


(46) (PS SAO 


The result that follows from eqs. (18), (44), (46) turns out to be identical 
with the non-relativistic result (26). A similar calculation shows that this 
is also true of an initial 2P, state. We reach therefore the conclusion that 
there is no relativistic correction for the 2P states to the desired order of 
accuracy, just as-in the case of the 2S states. 

The agreement of the relativistic and non-relativistic calculations is not 
accidental. The explanation hinges on the fact that a calculation of I” using 
the Dirac radial wave-functions in the approximate form of eqs. (38), (39), (45 
is equivalent to a calculation using the Schrodinger radial wave-functions. 


% 
* 
* 


The authors would like to thank Dr. T. Y. Wu of the Canadian Natio- 
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ments of radiative transitions. 


HAS SIN EO) (Eo) 


I] presente articolo presenta un calcolo relativistico della parte immaginaria dello 
spostamento radiativo dei livelli eccitati dell'atomo di idrogeno. Il calcolo parte da 
un'espressione elettrodinamica quantistica per la self-energia di un elettrone legato 
usata nel più recente calcolo dello spostamento di Lamb. La parte immaginaria di 
questa self-energia è considerata nel lavoro con lo stesso grado di approssimazione 
dello spostamento di Lamb. Si confrontano i risultati per i livelli 28 e 2P coi risultati 
non relativistici calcolati secondo lo schema di un ben noto lavoro di WrIssKopPF e 
WIGNER. Si trova che l’ordine d’approssimazione desiderato non richiede correzioni 
relativistiche. 


(*) Traduzione a cura della Redazione. 
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Eine Tabelle für den Factor der Inkohärenten Streuung. 


TR Mest 


Institut für Theoretische Physik der Universitàt-1608 - 464% (Polen) 


(ricevuto il 12 Gennaio 1958) 


Zusammenfassung. — In dieser Arbeit formen wir den Faktor der Inko- 
härenten Streuung in eine solche Form um, welche uns die Moglichkeit 
einer einfachen praktischen Ausrechnung gibt. Mit Hilfe der sehr genauen 
numerischen Thomas-Fermi-Werten von Kobayashi wird der Faktor 
der Inkohärenten Streuung tabellarisiert. In dieser Arbeit leiten wir auch 
eine Approximation für den Faktor der Inkohärenten Streuung ab. 


Im AnschluB an die WALERSCHE (') Streuformel konnte HEISENBERG (?) 
zeigen, daB die Intensitàt gestreuter Rontgenstrahlen durch den s(w) Faktor 
bestimmt ist. Der Faktor s?(w) hat folgende Gestalt 


x 


O sf 


4 


0 


wo got) die Thomas-Fermi Funktion des freien neutralen Atoms bezeichnet 
und #, ist die Wurzel der Gleichung (*) 


— 
bo 
aes 


=— SUM =, 
9 


Mi Zi A 2 


(Peo 0.176-10 5 em 47 . Ÿ 
Less =} = =—— — = 

Eine leichte Rechnung zeigt, daB man den Faktor s}(w) mit Hilfe der 
Thomas-Fermischen Differentialgleichung qv, = On und der Randbedingungen 
(1) I. WaLLER und D: R. Hartree: Proc. Roy. Soc. London, A124, 119 (1929). 
(2) W. HEISENBERG: Zeits. f. Phys., 83, 555 (1932). 
(3) R. GomBAS: Die statistische Theorie des Atoms und ihre Anwendungen (Wien, 
9), p. 249. Vel. hierzu auch H. KoppE: Zeits. f. Phys., 124, 658 (1948). 
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für die Thomas-Fermi Funktion g,(0) — 1 und 7, (0) = Const in folgender Gestalt 
schreiben kann, 


©) 


‘ 2 / LoPo(Lo) }? 3% | 
(3) Si = Polo) — LoPo(Lo) — ( È À * ) vin a Jan) da . 


… 


0 


Die letzte Gleichung erlaubt uns mit Hilfe der sehr genauen g,(æ)-Werte 
und g,(v)-Werte von KoBAYASHI (4) den Faktor s°(w) numerisch zu berechnen, 

Das Integral welches in der Formel (3) vorkommt, haben wir mit Hilfe 
der der Simpsonschen Formel berechnet. In Tabelle I haben wir die Werte 
des Faktors s}(w) für verschiedene x, oder w-Werte. 

BEWILOGUA (5) und LENZ (6) haben den Faktor sj(w) fiir einige w-Werte 
numerisch berechnet, Unsere Tabelle I ergänzt systematisch die numerischen 
si(w)-Werte von BEWILOGUA. Eine solche oben angeführte Ergänzung der 
si(w)-Werte von BEWILOGUA ist nur môglich mit Hilfe der sehr genauen Werte 
für qg,(æ) und AC) von KOBAYASHI und unserer Formel (3). Setzt man für 
gotx) die Approximation der Thomas-Fermi Funktion des Autors (7), 


i be 1 o ¢=0.1106, 
AU MIL 
do 1 + ax + ba)? b = 0.039 19. 


so bekommen wir fiir den Faktor s;(w) in unserem Falle folgende Formel für 
s'(w) nämlich: 


debate Soe. 3(2 + az,)w 620 (0x)? 


(a? — 4b)(1 + ax, + baË)? (at — 4b) 6 


TABELLE II. — Ein Vergleich für s3(w). 


| Numerische | w |0.0| 0.025|0.05 |0.1. |0.2 10.3 |0.4 10.5 10.6 |0.8 SS 
Werte von L |. Di is SE 
BEVILOGUA | s8 | 0 | 0.199 | 0.319 | 0.486 | 0.674 | 0.776 | 0.839 | 0.880 | 0.909 | 0.944 | 1 


w | 0.0 0.025 | 0.05 | 0.1 024053 0.4 0.5 0. 0.8 fore) 


Unsere | | Sa | 
Werte a | co | 15.701 | 9.858 5.924 | 3.349 2.310 1.735 1.368 1.113 0.7851 0.0. 
Gl. (5) |- = = 


SO (0) 0.196 | 0.317 0.480 | 0.671 | 0.783 | 0.856 | 0.906 0.940 0.982 I 


(4) S. KoBavasHI: unter Druck. Vol. P. GomB4s: Handb. der Phys. Band xxxvI 
(Wien, 1956), p. 127. 

(5) L. BewiLocua: Phys. Zeits., 32, 740 (1931). 

(6) F. Lenz: Zetts. f. Phys., 135, 248 (1953). 

(7) T. Trerz: Nuovo Cimento, 4, 1192 (1956). 
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In Tabelle II haben wir einen Vergleich für den Faktor sj(w) in unserem 
Falle mit den numerischen Werten für s?(w) von BEWILOGUA. Tabelle II zeigt, 
daB fir 2 >0.8 bzw. w< 0.7 die Anpassung unserer s5(w)-Werte an die 
numerisch berechneten s°(w)-Werte gut ist. In einer spàteren Arbeit werden 
wir andere Approximationen für s}(w) angeben. 


RIASSUNTO (*) 


Nel presente lavoro trasformiamo il fattore della dispersione incoerente in una 
forma che ci dà la possibilità di calcolarlo praticamente in modo semplice. Con l’ausilio 
degli esattissimi valori numerici di Thomas-Fermi dati da Kobayashi si tabula il fattore 
della dispersione incoerente. Nel presente lavoro deriviamo anche un’approssimazione 
per il fattore della dispersione incoerente. 


(*) Traduzione a cura della Redazione. 
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Gamma-Gamma Angular Correlations 
with Circular Polarization Measurements. 


E. G. BELTRAMETTI 


Istituto di Fisica dell Università - Genova 
Istituto Nazionale di Fisica Nucleare - Sezione Aggregata di Genova 


(ricevuto il 26 Gennaio 1958) 


Summary. — The problem of the y-y double angular correlation is 
examined in which the circular polarization state of photons is observed. 
The relation among the various possible correlations is discussed. The 
Legendre polynomials of odd order introduce an asymmetry around 
the value 8 = 2/2, where B is the angle between the two radiations. 
Numerical calculations have been made for the y-y cascade of 60Co. 


1 — Introduction. 


The measurement of the circular polarization of y-rays can be considered. 
already a common experimental technique. We have therefore considered it 
useful to examine the problem of the y-y angular correlations in which one 
observes the circular polarization state of the photons and which we have 
found to have been not yet examined in detail. 

Notation and formalism used are those taken from the work of BIEDENHARN 
and Rose (') (referred to hereafter as BR), and, for simplicity, we shall treat 
only the case of two successive y-radiations in which the initial and final nuclear 
states are randomly oriented and the intermediate state is unperturbed. It is 
assumed that the parity and the angular momenta of the nuclear states are 
well defined. In the first time we shall not assume that the two radiations 


are pure multipoles. 


€) L. C. BrepENHARN and M. E. Rose: Rev. Mod. Phys., 25, 729 (1953). 


29 - It Nuovo Cimento. 
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Under the above assumptions, the general double correlation function can 
be written as follows: 


(1) W(aBy) = D( ete, (Lyc, (LL, La LIDIL 
WiLL); vi.) Wj L2L,3 vj.) DT: By) - 
Where the summation is over L,, Te LE A T:, 4 AD. 
a, B, y are the Euler angles of the rotation which carries the co-ordinate 
system of the first radiation into the co-ordinate system of the second one. 
j,, j and j, are respectively the angular momentum quantum number for 
the initial, intermediate and final nuclear state, while L,, L, and L, Th re- 
present the angular momentum quantum numbers for the first and the second 
radiation. 
y is an integer number which satisfies the relation 


0<v< Min (2j, 2|f1—J], 2|ÿ2— ÿ) ; 


t; is defined by PEM A te where Le and L;. are the projections of Le 
and L, along the axis of motion of the i-th radiation. 

W(jjL;L.; vj;) are the Racah coefficients and D(v, t.7,; «By) is the usual 
rotation matrix of order v. Both are purely geometrical factors. 

(j;|Z,\7) and (j.|.L;|j) are the reduced matrix elements for the transition 
which goes from the state of angular momentum 3}; to the state of angular 
momentum j through emission of pure multipoles of order L; and, respecti- 


I 


vely, L.. 

The coefficients €,,(LL') are characteristic of the radiation to which they 
refer, of its parity, and multipolarity, and also of the type of observations 
which are performed on the radiation during the experiment under discussion. 
So, if, for example, we observe only the direction of motion of the y-ray, we 
find that (BR, Sect. III-A): 


“re = (—1)7**[(20 + 1)(20'+ 1) C(LL'»; 1 — 1) for » even, 


Oe 0 for v odd, 


WhileaStc_— (tor z= 0. 

The last property generally holds when the observation of the radiation 
does not depend from rotations around the direction of motion. 

Tne calculation of the coefficients e, (LL') for y-rays of which the right (RC) 
or the left (LC) circular polarization state is observed, can be made according 
to the procedure indicated in BR, Sect. II-B and Sect. III-A; the following 


= 


cc 


GAMMA-GAMMA ANGULAR CORRELATIONS ETC. 447 
result is obtained: 


DANIEL 1) 24 1) CLL’; 1 1), 


(3) 
yy = (—1) *"T(2L + 1)(2L' +1)F C(EL'r; 1-1), 


with v any integer number. 
We can note, that, for even values of v: 


(4) Me = Re =" (v even). 


2 — Angular correlations with circular polarization measurements. 


It is intuitive, and follows immediately from the eq. (1)-(4), that the 
measurement of the circular polarization of one of the two quanta, together 
with the measurement of the direction of the other one, leads to the same cor- 
relation function that we would have obtained by simply observing the di- 
rection of both quanta. 

Likewise, if we remember that the coefficients for the linearly polarized 
radiation vanish when » is odd, we come to the conclusion that the measurement 
of the circular polarization of one of the two quanta, together with the measu- 
rement of the linear polarization of the other one, leads to the same correlation 
function that we would have obtained by simply substituting the circular 
polarization measurement with the measurement of the direction. 

We have still to examine the case in which the circular polarization state 
of both y-rays is observed. 

Eq. (1), considering that t,=1,=0, that ““c,, and “ce, are real, that 
D(v00; «fy) = P, (cos f), where P, are the Legendre polynomials and B is the 
angle between the two radiations, becomes: 


Dì W(B)~ XS (Aye to, (Ly L;) 6,5( LoL) (jz | L119) Gul L417) Gee) Ga) * 
Wii; vi.) W (jj LoL,; vis) P, (cos B) . 


Where the sum is taken over L,, Li, L,, L,, v and where c,,(Z,L,) stands for 
Lee (L,L,) or “c,,(£,L,) accordingly we observe the LC or the RC polarization 
of the first quantum 7. 

The same thing happens for ¢,,(L,L,). 

Keeping in mind the expressions for ““c,, and “°c,,, we come to the fol- 
lowing conclusions (some of which immediately follow from the parity con- 


servation): 
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a) the angular correlations with circular polarization measurement of 
the two quanta do not give informations on the parity of the nuclear levels; 


b) the measurement of the LC polarization of a quantum and of the 
RC polarization of the other one lead to the same correlation function that 
we would obtain by inverting the two analyzers of circular polarization; 


c) the measurement of LC polarization of the two quanta leads to the 
same correlation function obtained from the measurement of RC polarization 
of both quanta. One can verify immediately that such correlations remain 
unchanged after the exchange of y, and y,. Generally (see also b)), we can 
therefore ignore the fact that either y, or y, have entered into the analyzer; 


d) the correlation function for the case in which the LC polarization 
of a quantum and the RC polarization of the other one are measured (to be 
indicated with W(LC-RC) or W(RC-LC) accordingly if we observe the 
LC (RC) polarization of y, (y.) or of y2 (y1)) differs from the one in which 
we measure the LC or RC polarization of both quanta (to be indicated res- 
pectively with W(LC-LC) or W(RC-RC)) for a change in sign of the terms 
with v odd in the eq. (5); 


e) the presence of the Legendre polynomials of odd order in the eq. (5) 
implies an asymmetry around the values 6 = 7/2. From what stated in b), 
c), d) it follows that: 


W(LC-LO);- 772 +6 W(RC-RC)5-72)+ 9 


W(LC-LC)p 723 0 W(RC-RC)5-(772-9 
W(LO-RO)p_iain-0 _ W(RC-LO) gai 0 


WLORO) Le (RO LO) a 


where 4 is an angle between 0 and x/2. 
For pure multipole radiations, the eq. (5) is simplified and becomes: 


W(B) > > (— 12477", (LL) ¢y9( LoL) (Lai)? Go| Lal)? 
W (jj LD, ; vj.) Wj LD, vj.) P, (cos B) . 


The reduced matrix elements (j|Z;|j) and (j»||Zs]j) are now constant fac- 
tors and can be omitted. Therefore we can write: 


(6a) W(LC-RC) = W(RO-LO) ~ Y 4,P, (cos), 


(6D) W(LC-LC) = W(RC-RC) ~ > (—1)’4,P, (cos B) , 


v 


[cel 
~ 
(e) 
= 
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= (H 194 (0j + 1)(2L, + 1)(2L + 1) CLL; 1 —1)- 
CL; 1 —1)W(jjLLy; vj.) W(jjL,La; vj») . 


The normalization factor (—1):*?-?(2j-+1)(2Z,4+1)(2Z,-+1) has been in- 
troduced in order to make A,= 1. 

The expression of A, shows that it can be split into the product of a term 
depending only from the first transition and a term depending only from the 
second one. We can write in detail (BR, Sect. III-A): 


A, = FF (11419) F, (L292) , 
where 


Fi) = (1) (29 +1) (2D, +1) CL, Ly; 1-1) Wj LL, 5 vi,) 


and similarly for F,(L.2).j). 

This splitting is also useful for the numerical calculation because it is more 
convenient to tabulate the coefficients /, rather than A,. A complete tabu- 
lation, but only relative to even values of », can be found in the above-men- 
tioned work of BIEDENHARN and ROSE. 


3 — Application to the y-y cascade of °Co. 


The transition is of the type 4(2)2(2)0 so that L, = L, = 2, 7, = 4, j= 2 and 
j2=0. The values of » which are involved are v= 0, 1, 2, 3, 4 (to be re- 
membered that 0<v< Min (2j, 2|j,—j|, 2|j:—i]))- 

Therefore, in order to know the correlation function (6a) or (66) it is ne- 
cessary to determine; F,(242) and (202). Now we have: 


F,(242) = et F,(202) = 1 
F,(242)= 0.4714 #,(202) =— 0.7071 


A 
A 
F,(242) =—0.1707 #,(202)=—0.5976  A,=— 0.1020 
F,(242) =— 0.1010 #,(202)= 1.4142 A 
F,(242) = — 0.008 5 F,(202) = — 1.069 A 
so that: 
W(LC-RC) = W(RC-LC) = 1 — 0.333 3 P, (cos 8) + 0.102 0 P, (cos B) + 


— 0.1428 P;(cos B) + 0.0091 P, (cos B) , 
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W(LC-LC) = W(RC-RC) = 1 + 0.3333 P, (cos 8) + 0.102 0P, (cos B) + 
+ 0.1428 P, (cos 8) + 0.0091 P, (cos B). 


The asymmetry, for 6 = 90°+ 90° is: 


W(LC-RC);-180° = W(LC-LC)5~0° 90 2 50 
W(LC-RC);-0° W(LC-LC);-150° DI: 


and for B = 90° + 45°: 


W(LC-RC)5;-1:5° W(LC-LC)5-15 1.52 
W(LO-RC)p-45° ai W(LC-LC)p_13;° à Es 


The strong asymmetries so obtained do not correspond, of course, to the 
actual experimental situation since they refer to the case of perfect analyzers: 
that is, analyzers for which we can say that, if a photon has been accepted, 
then most certainly it is in the pure state of circular polarization, as indicated 
by the analyzer. 

The presence of the Legendre polynomials of odd order in the double cor- 
relation function is not limited to the case we have just treated. They also 
appear if, for example, one or both the y-rays are replaced by electrons (part- 
icles of spin 4) of which the longitudinal polarization state is observed. Na- 
turally, beside the above-mentioned cases, the presence of the Legendre poly- 
nomials of odd order can be caused by parity non-conservation in the nuclear 
cascade. 


I wish to express my deepest gratitude to Prof. A. BoRSELLINO for the 
affectionate help he has given me in this work, as well as during my studies 
and preparation. 


RIASSUNTO 


Viene esaminato il problema della doppia correlazione angolare y-y in cui si osserva 
lo stato di polarizzazione circolare dei fotoni e si discute la relazione tra le varie pos- 
sibili correlazioni. La presenza dei polinomi di Legendre di ordine dispari introduce 
un’asimmetria intorno al valore 8 = 2/2, dove B è l’angolo fra le due radiazioni. Si 
sono fatti calcoli numerici per la cascata y-y del Co. 
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IL NUOVO CIMENTO Vou. VIII, N. 3 1° Maggio 1958 


Dirac Matrices in Riemannian Space. 


J. G. FLETCHER (*) 


Palmer Physical Laboratory, Princeton University - Princeton, New Jersey, U.S.A. 


(ricevuto il 7 Febbraio 1958) 


Summary. — An explicit formula is developed for the affine spinor con- 
nection, /,, in an arbitrary spin representation. This formula makes 
it possible explicitly to write the Dirac equation in Riemannian space, 
VE, — 15) + mP = 0, in a form which may be subjected to arbitrary 
similarity transformations. Also, some useful algebraic properties of 
Dirac matrices are developed. 


1. — Introduction. 


The increased interest during the past few years in the relationship between 
general relativity and quantum mechanics has naturally produced a corres- 
ponding interest in the relationship between spinors and general relativity. 
The formalism of this relationship has been discussed adequately by several 
authors (1). In order to properly treat derivatives of spinors this formalism 
requires the introduction of an affine spinor connection, J’,, just as the proper 
treatment of derivatives of tensors requires the introduction of the usual affine 
connection (Christoffel symbols). It would be useful to have a general and 
explicit formula for J’, in terms of the Dirac matrices. The purpose of this 
paper is to develop such a formula (equation (30), or equations (37) and (39)). 

If one limits oneself to a special class of spinor representations (the n-bein 
representations), the expression for J’, is quite simple and has been given in 
various forms by BARGMANN (1), KLEIN (2), and others (see equation (40)). 


(*) National Science Foundation Predoctoral Fellow. 

(1) For a further discussion of the formalism used in the present article, see for 
example V. BARGMANN: Siteber. preuss. Akad. Wiss., Phys.-math. Kl. (Berlin, 1932), 
p. 346, or D. R. Britt and J. A. WHEELER: Rev. Mod. Phys., 29, 465 (1957). 

(2) O. KLEIN: Arch. Math. Astr. och Phys., 34, 1 (1947). 
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To attempt to find J. when the Dirac matrices are given in a general repre- 
sentation, by transforming to an n-bein, finding /, in that system, and then 
transforming back to the original system, is possible. However, it is much 
more difficult and less elegant than using the formula given here. 

In the course of this article several algebraic properties of Dirac matrices 
will be found, which may have further applications than are considered here. 
The formulae are developed for n dimensions so as to be of use, not only in 
the standard four-dimensional general relativity, but also in theories requiring 
more (or less) dimensions. The formalism used here reduces in the four-dimen- 
sional case to the so-called «four-component » (in contrast with « two-com- 
ponent ») spinor theory. 

Following is a brief review of some features of spinor formalism in Rie- 
mannian space which are relevant to the subject of this paper: Dirac matrices 
in Riemannian n-space are a vector field of matrices, y;, restricted only by the 
condition that the anticommutator of the vector with itself at a fixed point 
be a multiple of the unit matrix, y: 


(1) {yey Vi} = 2940 - 


The symmetric tensor g;; is interpreted as the metric tensor of the space. The 
array of quantities g;; is assumed to have a non-zero determinant so that g' 
may be defined in the usual fashion. The tensors g” and g,; are used in the 
usual manner to raise and lower indices; also, they are used in the customary 
way to define Christoffel symbols, /'/, and hence to define covariant diffe- 
rentiation. Partial differentiation will be symbolized with a comma (,) and 
covariant differentiation with a semi-colon (;). So, for example, 


(2) Vea ap ee VE . 


The following relation will be of use: 


(3) ir Vi} SF {Vey Vi.r} = 29i;.r — 0 


A spinor and its covariant derivative do not have the same behavior under 
a similarity transformation. Hence one introduces the total derivative, sym- 
bolized with a vertical stroke (|), which for a column spinor of any tensor 
character is defined as 


(4) va e IEE 
Under similarity transformation Y goes to SY; in order that W,, likewise go 


to S¥Y,, it is assumed that the matrix vector I’. COMO BS) Sats Sate Ges 
the total derivative which appears in the Dirac equation. The distributive 
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law is assumed to hold for the total derivative. Hence for a row spinor, D 
(which under similarity transformation goes to ®S-1), it must be that 


(5) iy ey ah 


in order that the product ®Y, which is unchanged by a similarity transform- 
ation, have a total derivative equal to its covariant derivative. Since a matrix, 
M, should behave like the product Ÿ®, it follows that 


(6) M,=M,—[l,, M]. 


Just as Christoffel symbols are determined by the requirement that the co- 
variant derivative of the metric tensor vanish, 7, is determined by the re- 
quirement (which is easily seen to be invariant under similarity transformation) 
that 


(7) Yar = Vin Us ye] = 0. 
The remainder of this paper will be devoted to finding an explicit expression 
for J’. which satisfies (7). 
By multiplying (7) from the right by y°, one finds 
(8) ET, = Vr, 
where É is an operator which acting on a matrix M is defined by 


(9) EM = }(nM — y,My’'). 


By n is always meant the dimension of the Riemannian space. The problem 
now reduces to finding the inverse of È. The next section concerns this question. 


2. — Algebra of é. 
First, define the following 
(10) V(M),;;x.. = (1/m!) AGE ...)vi Va Va 


where there are m indices ijk.... The operator A (ijk...) mean that the expres- 
sion following it should be totally antisymmetrized in ijk...; that is, the fol- 
lowing expression should be replaced by the sum of all expressions obtained 
from it by even permutation of ijk... minus the sum of all expressions obtained 
from it by odd permutation of ijk.... The tensor y(m),,. is totally antisym- 
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metric and of rank m; hence it vanishes if m exceeds n; y(1); = y:, y(0) = y. 
By going to a locally Cartesian co-ordinate frame and considering separately 
the cases when a...bc...d and i...jk...l have no indices in common, one index 
in common, two indices, etc., one may easily show 


(11) A(T) VS) gee A (ICONA) RAD 
-D'[1/m! (r — m)! (s — m)!]ga;... m factors ... 9,7 (7 +8 — 2), 1 - 


For ¢ less than sero, (1/t!) is considered to vanish. The formula for the com- 
mutator of y(r), , and y(s),., may be obtained by doubling the right side 
of (11) and, if the product rs is odd, omitting the terms for odd m, or, if rs 
is even, omitting the terms for even m. A similar rule for obtaining the anti- 
commutator may be found by interchanging the phrases « odd m » and «even m » 
in the above rule. 

Next define the r-th cross-sum on a matrix M as 


(12) X,M = (1/7!) y(1) My. 


By rewriting yay(r);., by means of (11) in X,X,M = (1/r!hyy(r), ,My(r)**y’, 
one finds 


(13) (PRA = (w— 26) x toe Aer ’ 


where X, has been rewritten in terms of £ by means of (9). It is now asserted 
that, as a function of 6, 


(14) X,= Qin), 


where £2,:(n) is a polynomial of degree r in & defined by 


(15) w(é, n, 2) = (1 —2) (1 +2) <= > O.(n)2". 


In this last expression, È is treated as a number. To prove this assertion, 
consider the equality, 


(16) [(d/dz) — (n — 26) + nz — e2(d/d2)] w(&, n, 2) =0, 


which may be verified by direct computation. If the series expansion of (15) 
is substituted into this, one finds that £,.(n) obeys the same two-step recursion 
relation in r (13) as does Y,. Thus if (14) can be shown to hold for two values 
of r it will be true for all r. It is easily verified that X, = Q,.(n) = 1 and 
X, = 2,,(n) = n — 26. 
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Application of the binomial theorem to (15) shows 


(17) 2,.(n) == > (= 1) Ce ia, ) 


m 


where .C,, is the coefficient of 2” in the power series expansion of (1 +2)* (£ being 
treated as a number). Using the well-known expressions for .C,,, one may 
calculate the case r=n-+1 in (17) without too much difficulty to yield 


Me ER DIS SE) 


The expression has been set equal to zero since X,:, is the zero operator, as 
can be seen from its definition and the fact that y(m +1),,. is Zero. Thus it 
is seen that not all powers of & are linearly independent. If (18) is multiplied 
through by an arbitrary polynomial in E, the result may be stated as follows: 
Any polynomial in & which, if £ where a number, would vanish when é equalled 
any of the integers zero to n is the zero operator. From this it is but a simple 
step to the conclusion which is the main point of this section. Any two 
polynomials in the operator ¢ are equal if they have equal numerical values 
when € is replaced by any of the integers zero to n. 

The following notation will prove useful. By G(E))(n) is meant that poly- 
nomial of degree n in É which equals the function f(£) when È is replaced by 
any integer from zero to n. For example, if n= 2, <2% (n) = 3E+4E+1. 
From the theorem in the preceding paragraph it follows that 


(19) GE) (mKg(E)(m) = = FE)I(E)M) ; 
(20) CHEN) + <g(E)>(m) = <H(E) + g(E)) (2) . 
These last two results make calculations involving È quite easy. If f(É) is a 
constant, then it is clear that <f(£)}(m) IAS 
The following algebraic results will be needed later. Making use of (11) 


in a manner similar to that used in deriving (13), one may show that for 
any M 


(21) (EM, y]=(n+1- [My], 
(22) {EM, y = (n—1—6){M, y. 
If one takes a polynomial of degree n+1 in & which equals zero (such as 


appears in (18)), applies it to M, and then commutes or anticommutes the 
result with y;, one finds with the use of (21) and (22) that 


(23) DRM, 71 =0, (MU yt = 0- 
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The new symbol in (23) is the well-known Kronecker delta. One may now 
generalize (21) and (22) to 


(24) [<fE)>(m) M, yi] = fn +1 — (n) [M, yi]; 


(25) {FE (n) ML, yi} = (n — 1 — €)>(n) LM, yi. 


The proof of these is quite straightforward, but there is a small detail which 
should not be overlooked. For instance, starting with (21), one can imme- 
diately obtain an expression like (24) in which the function appearing on the 
right equals f(n+1—é&) when & is replaced by the integers one to n+1. One 
must then use the freedom offered by the first of equations (23) to get (24). 

The following results will not be needed later, but are interesting. With 
the use of the rules for commutators and anticommutators following (11), one 
may show that | 


(26) EV(8);;n. = SY(8); jr. if s is even, 


(27) iN) if s is odd. 


Also, since the factors in a product may be cyclically permuted before the 
trace of the product is taken, it follows that 


(28) Tr (EM) =0. 


3. — Solution for /;. 


It would appear from (19) that J’. could be obtained by acting on both 
sides of (8) with <1/&>(n). Unfortunately, <1/&(n) is not defined, since (1/0) 
has no meaning. So consider instead the «next best thing », <1/é),(n), which 
by definition equals <a/(aé+ò,:)>(n); that is, it is that polynomial of degree n 
in € which equals 1/É when é is replaced by any integer from one to n and 
equals the given arbitrary number a when é is replaced by zero. Applying this 
to both sides of (8), one finds 


(29) Tr CO (MT= E1/E) (MY; 


This equation does not determine <6,,>(n)I’,, so set it equal to <6,.(n)A,, 
where A, is an arbitrary matrix: 


(30) T, = 41/8), (n)y,,7 + Oog>()A, . 


a 
D] 
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All that has been shown up till now is that if J’, exists it must be of the 


form (30). It will now be verified that (30) is indeed a solution of (7). Com- 
muting both sides of (30) with y, and using (24), one finds 


(31) [Tey vs] = E(1/(0+1—8)(M) [yy vl - 
But if one multiplies (3) from the right by y", one finds 
(32) Dart; V5] = 2(n = 1 SE 5)V;., à 


This together with (31) verifies (30). 
The remaining remarks are eae as aids in the calculation of J’. 


It may be of use to reexpress <1/>,(n) by application of the following general 
formula: 
(33) = 2 flr )<b,2>(”) 


In conjunction with (33) one might employ 


(34) (Ô,e)(n) = (à) Je >» DA 


m 


This can be verified by making the substitution 2 =(1—y)/(1+y) in (15) 
which, if £ is an integer from zero to n, gives a valid power series in y: 


(35) (4)? > Q,.(n)o(r, n, y) = y. 
Substituting (15) into (35) one obtains an expression in Q,: which, using (14), 
reduces to (34). 

The following useful recursion formula follows immediately from the de- 
finition of <1/E)4(n) 
(36) (1/&a(n) = fn) [1 + (n IS (0 —1)1, 


where a=b-+(1/n). Probably the easiest expression from which to calculate 
Tis 


22) DP, = F(X) ie - 
For simplicity A, has been chosen to be zero. From (30) and (36) follows (*) 
(38) F,(X,) = (1/20) 14 (41 + MF (4-1. 


(8) This expression was first obtained by V. BARGMANN. 
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It is most convenient to choose F,(X,), which is arbitrary, to be zero. For 
small n, one obtains 


F(X) = 
F,(X,) = er OX GT CET): 

E) (1384) EXEO 

FX) = (1/3840) Xt 10X21 40X20 150X, 759) 


F(X) = 2) F(X) = (1/8)(4 ala 4), 
(39) 


al 


If special assumptions are made, the formula for 7, can often be simplified. 
For instance, n-bein formalism in effect assumes that <6,.>(”)y,,V° = dat 
In this case, using (33), one may write (30) as 


(40) Ds = by ep’ 


The assumption that an irreducible representation of the y; matrices is 
being employed has important consequences only if n is odd, in which case 
it implies that the operators X, and X,_, are identical for all r. This can be 
shown to imply that two polynomials in & are equal if they are equal when & 
is replaced by any even integer zero to n —1. Obvious changes may now 
be made in the definition of <f(É))(n) and in equations (36) and (38). In con- 
junction with (37) one may now use, instead of (39), 


(41) #,(X;) = 0, F(X) = i. ’ F;(X,) = (1/32)(X, dà 7) . 


The author wishes to thank JOHN R. KLAUDER and Dr. V. BARGMANN 
for many helpful discussions. 


RLIASS UNTO (*) 


Si sviluppa una formula esplicita per la connessione spinoriale affine, 7, in una 
rappresentazione spinoriale arbitraria. Questa formula permette di scrivere l’equa- 
zione di Dirac nello spazio riemanniano, y°(7;—T,?)+m?P=0, in una forma cui 
possono imporsi trasformazioni di similitudine arbitrarie. Si sviluppano anche alcune 
utili proprietà algebriche delle matrici di Dirac. 


(*) Traduzione a cura della Redazione. 
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Decay of Hyper-’He. 


IR, ID Jebocis, 


Physics Department, University of Illinois - Urbana, Illinois (*) 


(ricevuto il 8 Febbraio 1958) 


Summary. — Energy and angular distributions of the particles arising 
from a number of cases of the decay of 5He, have been analyzed. The 
influence of the strong spin-orbit coupled *He-1H state on the decay of 
5He, is noted. 


All of the known cases (*5) of «uniquely defined » (9) decays of *He, are 
quite similar, not only in the energies but also in the relative orientations of the 
product particles. For instance, it is observed in the nine events studied here, 
that the mean energies of the ‘He, 'H and 77 particles produced in the decay 
of “He, are: (3.55 + 1.15) MeV, (6.34 +1.91) MeV and (24.5 +3.3) MeV, respect- 
ively, and the mean angles between the *He and x- and between the ‘He 
and !H particles are: 150° + 12.5° and 145°+ 11°, respectively. (The varia- 


(*) Assisted by a joint program of the U.S. Atomic Energy Commission and the 
U.S. Office of Naval Research. 

(1) R. D. Hit, E. O. SALANT, M. Wipcorr, L. $. OSBORNE, A. PEVSNER, D. M. 
Ritson, J. CRussarp and W. D. WALKER: Phys. Rev., 94, 797 (1954); 101, 1127 (1956). 

(2) J. CRUSSARD, V. FoucHé, G. Kayas, L. LEPRINCE-RINGUET, D. MORELLET, 
F. Renarp and J. TREMBLEY: Suppl. Nuovo Cimento, 4, 616 (1956); Proc. Rochester 
Conference, ch. V (1956), p. 39. 

(3) P. H. FowLER and D. H. PERKINS: Suppl. Nuovo Cimento, 4, 487 (1956); Nuovo 
Cimento, 4, 158 (1956). 

(4) W. F. Fry, J. Scuneps and M. S. Swami: Phys. Rev., 101, 1526 (1956). 

(5) W. SLATER, E. SILVERSTEIN, R. Levi-Serri and V. L. TELEGDI: paper presented 
Nov. 23, 1956 at the Chicago Meeting of the American Physical Society. 

(6) A. FILIPKOWSKI, J. GIERULA and P. ZieLINSKI: Acta Phys. Pol., 16, 139 (1957). 
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tions given are mean deviations from the means. They represent observed 
variations which are, in fact, considerably larger than the experimental errors 
involved in the observations). From an assumed value of Q = 36.9 MeV, for 
the free decay of the A°, the mean binding energy of the A° in 5He, is found 
to be (2.5 + 0.4) MeV. 

A reasonable approach towards analyzing the decay of “He, would appear 
to be to regard the hyperfragment as a loosely knit structure of «-particle 
and A°. Since the A° is not excluded by Pauli’s principle from occupying the 
lowest s state, it would seem to be that the level at — 2.5 MeV is a 1s state. 
Decay of 5He, probably occurs with a lifetime which is not significantly dif- 
ferent from that of the free A° and, since the binding energy of the A° is so 
small compared with the @ of the A°, one might expect that to a first order 
the decay of *He, would be merely the independent decay of the A° in flight 
within the hyperfragment. However, when one transforms to a system in 
which the A° is at rest, using as a velocity that which is required to conserve 
momentum of the A° with the recoiling «-particle, one finds that there is very 
strong evidence that the A° decay does not take place independently of the 
residual ‘He nucleus. In the rest system of the assumed recoiling A° particle 
one finds that the proton is projected with an average momentum of 
(66.5 + 11) MeV/e at an angle of 46.5° + 10° to the recoil direction of the 
a-particle and no case has been found in which the angle is greater than 65° 

Another argument against the completely independent decay of the A° 
appears to be the particular form of the ‘He recoil spectrum, which is shown 
for the nine events in Fig. 1. If the ‘He and A° particles were in a 2.5 MeV 
bound 1s state, we have found for a num- 
ber of possible potential wells of various 
shapes and widths that the momentum di- 
stribution would favor the region below 100 
MeV/c. The average ‘He recoil momentum 
is observed to be (160 +25) MeV/e. It is 
unlikely that any experimental difficulty of 
Fig. 1. — ‘He recoil momentum observing low momentum «-particle recoils 
spectrum from nine He, decay in nuclear emulsions could explain the pau- 

events. city of events in the region below 120 MeV/c, 

which is the lowest observed recoil momen- 

tum. Recoils of approximately 2 to 3 um, corresponding to «-particle mo- 

menta of 60 to 80 MeV/c, should certainly be observable, yet the shortest 
recoil track observed was 6 um. 

In order to investigate the influence of the ‘He particle on the emitted 
proton which is] presumably projected from the A°, we transform into the 
center of mass of the ‘He-1H system. The sums of the kinetic energies of the 
a-particle and proton, in their own center of mass system, for the nine events 


100 pi (lab) 200 MeV 
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are shown in Fig. 2. It is immediately apparent that the average energy of 
the 4He-1H system corresponds to the wellknown p3 resonance of these two 
particles. According to the phase shift analysis of DoDDER and GAMMEL (?), 
the ‘He-1H system has a p3 state at 2.1 MeV (c.m.) and a p} state at 
9.6 MeV (c.m.). The p} state, moreover, is 
very wide; according to AJZENBERG and LAU- 
RITSEN (8), of the order of 5 MeV (lab.). The 
observed average energy of the ‘He and !H 3 
particles together is 9.1 MeV (c.m.) and the 2 i 
mean variation from the mean is 3.1 MeV 

{c.m.). It appears, therefore, that the pro- v n 
ton from the A° decay is attracted towards ie 2. Distribution ofsum of He 
the ‘He particle by a nuclear force modified and 1H kinetic energies from nine 
by the strong spin-orbit coupling between 5He\ decay events 

the ‘He and ‘H particles. 

From the center of mass of the *He-'H system, the emitted pion will always 
appear to recede in the opposite direction to the recoil of the ‘He-!H system. 
An «apparent » scattering angle of the proton can thus be measured from 
the direction of recoil of the *He-'H system to the direction of the outgoing 
«scattered » proton in the center of mass of the *He-1H system. After cor- 
recting for the solid angle factor, the distribution of proton scattering angle 

in the center of mass of the ‘He-!H system for 

the nine events studied is shown in Fig. 3. The 

SL distribution shows a strong backward scatte- 

Carb. ring asymmetry which probably indicates an 

da interference between s and p wave scattering 

and probably can be understood in terms of 

the negative s and positive p wave phase 

Fig. 3. - Angular distribution shifts already computed by DODDER and 
of number of !H particles scat- GAMMEL (’). 

tered per unit solid angle. An- It can readily be shown that the energy 


gle @ is between the direction and angular characteristics of the *He, decay 
of emission of 1H in the center i 


a are determined by the following dynamical 
and the direction opposite to conditions: a) the ‘He-!H system is produced 
that of emission of the x from in a spin-orbit coupled state, largely the p+4 
the decay of the 5Hey. state of considerable width, b) the ‘He-1H 
system collectively conserves momentum with 

the pion emitted from the *He, decay, c) the pion kinetic energy equals 
the residual energy from the A° free decay after providing for the binding 


N2 of 
Cases 


V 
Tyt + Tue(em5” Na 


0° 90° 6(c.m.) 180° 


(7) D. C. DoppER and J. L. GAMMEL: Phys. Rev., 88, 520 (1952). 
(8) F. AJzENBERG and T. LAURITSEN: Rev. Mod. Phys., 27, 77 (1955). 
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energy of the ‘He, and the energy of the ‘He-!H state, d) the ‘He and !H part- 
icles conserve momentum in their own center of mass system after the scat- 
tering process and e) the angular distribution of the proton scattering by the 
‘He particle is a definite function of the scattering angle probably determined 
by the s and p wave phase shifts appropriate to the energies of the particles 
in the ‘He-!H state. 


TIN ISHS UNION) 


Abbiamo analizzato le distribuzioni energetica e angolare delle particelle originate 
in alcuni casi di decadimento del 5He,. Si nota l’influenza dello stato *He-1H con 
accoppiamento di spin-orbita forte sul decadimento del 5He,. 


(*) Traduzione a cura della Redazione. 
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Estimate of A-Nucleon Potential 
with Hard Core from the Binding Energy of Hypertriton. 


D. B. LICHTENBERG 


Physikalisches Staatsinstitut - University of Hamburg 


(ricevuto 18 Febbraio 1958) 


Summary. — A variational caleulation of the binding energy of hyper- 
triton is made in order to determine the strength of a A-nucleon potential 
with an infinite repulsive core. A hard core potential is also used to 
describe the proton-neutron interaction. A A-nucleon potential is found 
which is stronger than the A-nucleon potential determined from previous 
calculations which assumed monotonically varying potentials. Never- 
theless, the A-nucleon potential still does not appear to be strong enough 
to bind the hyperdeuteron. Tensor forces are omitted in the calculation, 
but an argument is given to show that their omission should not sub- 
stantially affect the results. 


1. — Introduction. 


Information about the A-nucleon (abbreviated AN) potential can be de- 
duced from the experimentally measured binding energies of the A in hyper- 
fragments. DALITZ (1) has given an analysis which assumes that the AN force: 


a) has zero range; 

b) can be represented by a central, spin-dependent potential, and 

c) is sufficiently weak so that the nucleus in which it is bound is un- 
distorted by its presence. 


The method of Dalitz yields one parameter to describe the AN potential 
in each of the triplet and singlet spin states. (The spin of the A is taken to 


(1) R. H. DaLITZ: Proceedings Sixth Annual Rochester Conference on High Energy 
Physics (1956). 
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be 4.) The parameter giving the strength of the AN potential can be taken 
to be the volume integral of the potential 2, or the well depth parameter s. 
This latter parameter as defined by BLATT and JACKSON (?) is the number 
by which a potential must be divided in order to give a just-bound state of 
the two-body system. For s> 1, the system is bound; for s< 1, the system 
is unbound. Since in this paper we use a AN potential with an infinite repulsive 
core, 2 does not exist. Therefore we calculate s as a measure of the strength 
of the AN potential. 

A number of other authors (3-7) have made analyses which are essentially 
similar to that of DALITZ, with variations such as the relaxing of assumption a). 
In this case a whole spectrum of values of 2 can be obtained as a function 
of the assumed range for the A-nucleon potential, 2 increasing with increasing 
range. The results, however, are not very sensitive to this range, as long as 
it is assumed to be small. 

DALITZ, in his original work, recognized that special methods must be used 
to treat the hyperfragment ‘H,. This is because the underlying nucleus in 
this case, the deuteron, is a weakly-bound extended structure which can be 
distorted by the presence of the A. Various authors have calculated the 
binding energy of *H, by perturbation (*) or variational (*°1°) methods, re- 
laxing assumption €). Assumption a) must also be relaxed in the variational 
calculations, since otherwise the calculated binding energy of *H, will be in- 
finite (4). The fact that some authors obtain finite binding energies with a 
zero ranged AN potential is due to the poorness of their trial wave functions. 

The variational calculations have been of two types, classified according 
to the choice of a trial wave function Ÿ for *H,. In the first type, Ÿ is taken 
to be a product of a wave function ©, describing the relative position of the 
proton and neutron and a wave function ®, describing the relative position 
of the A and the center of mass of the deuteron: 


(1) se = D, re r,) D, (ra —#(r, + n) 2} 


where r,, r,, and r, are the positions of the proton, neutron and A respect- 


J. M. BLaTT and J. D. JACKSON: Phys. Rev., 76, 18 (1949). 
G. H. Derrick: Nuovo Cimento, 4, 565 (1956). 
J. T. Jones and J. M. KELLER: Nuovo Cimento, 4, 1329 (1956). 
L. Brown and M. PESHKIN: Phys. Rev., 107, 272 (1957). 
Y. Poc Kwon, J. Opa and T. Gord: Nuovo Cimento, 6, 832 (1957). 
M. Ross and D. B. LICHTENBERG: Phys. Rev. (to be published). 
(*) M. Ross and D. B. LICHTENBERG: Proceedings, Second Midwest Conference on 
Theoretical Physics (Iowa, 1957). 
(*) B. W. Downs: Bull. Amer. Phys. Soc., 2, 175 (1957). 
(1°) R. H. Datrrz and B. W. Downs: Bull. Amer. Phys. Soc., 3, 20 (1958). 
(1) L. H. Tuomas: Phys. Rev., 47, 903 (1935. 
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ively. An important disadvantage of this trial wave function is that it does 
not take into account correlations in the positions of the three particles. That 
is, the wave function ®, is independent of whether the two nucleons are near 
or far from the A, provided their center of mass is a given distance away. 

The second type of variational calculation is with a trial wave function 
of the form 


(2) Y= WP Var ls) ’ 


where r,, 72, and 7; are the distances between the A and proton, A and 
neutron, and proton and neutron respectively. For simplicity, Ÿ is sometimes 
assumed to be a simple product wave function of the form 


D = Dr) D(r:) D'(13). 


A wave function of type (2) has the advantage of treating the three particles 
on an equal footing, and of taking into account correlations between the 
particles. 

However, a difficulty still remains concerning the assumed form of the 
AN and nucleon-nucleon (NN) potentials. What the difficulty is can best be 
seen by considering the comparable problem in ordinary *H. 

Many authors have made variational calculations of the binding energy 
of 8H, assuming NN potentials determined from the binding energy of the 
deuteron and from low energy NN scattering data. The low energy two- 
nucleon information, as is well known, enables one to determine the depth 
and ranges, but not the shape, of the NN potential in the singlet and triplet 
spin states. If simple monotonically decreasing (in absolute magnitude) central 
potentials which fit the NN data are assumed, the calculated binding energy 
of 3H comes out larger than the experimental value (12). If the singularity of 
the NN potential is made greater (for example a Yukawa is chosen instead 
of a Gaussian), the binding energy increases further. Since a variational cal- 
culation gives a lower limit to the binding energy, the conclusion is that the 
form of the assumed NN potential must be wrong. (We neglect such compli- 
cations as velocity dependent potentials and three-body forces.) 

Subsequently, PEASE and FESHBACH (!) showed that if tensor forces are 
included in the NN potential, the calculated binding energy of *H can be 
reduced sufficiently to give agreement with experiment. However their result 
showed that the tensor force must be longer ranged than the central force: 
a short range tensor force gives too little binding. Alternatively, OHMURA, 


(12) N. SVARTHOLM: Thesis (Lund, 1945). 
(3) R. L. Prase and H. FEsHBACH: Phys. Rev., 88, 945 (1952). 
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MoriTA, and YAMADA (1445) showed that if hard cores are assumed in the 
NN potential, agreement can be obtained omitting tensor forces. The po- 
tential outside the hard core must not be too singular, for the very singular 
Levy central potential (adjusted to fit the NN data) gives too large a binding 
even with a hard core (1). 

We now return to consideration of *H,, being guided by the results found 
for ordinary *H. Unfortunately, the two body AN scattering data are at 
present insufficient to determine the depth and range of the AN potential. 
The procedure in variational calculations has therefore been to take the binding 
energy of *H, as given from experiments, and to determine one parameter 
of the AN potential. The assumed form of the NN potential has been similar 
to the NN potentials which gave too large a binding in *H. Therefore, unless 
the actual AN potential is a monotonically varying central potential, the para- 
meter deduced from the *H, calculation will not necessarily be appropriate 
to describe the two-body AN system. 

In this work, we make an estimate of the strength of the AN potential, 
assuming that both the AN and NN potentials have hard cores. There is at 
present no experimental necessity to introduce hard cores into the AN po- 
tential. Our motivation is based on meson theory, which says that if the NN 
potential has a hard..core, the AN potential may also have one (17). Our 
method is to make a variational calculation using a simple trial wave function 
of type (2). A description of the calculation and of the results is given in 
Sect. 2. Tensor forces are omitted in the potentials. A discussion of the results 
and a partial justification for the omission of tensor forces are given in Sect. 3. 


2. — Calculation of the AN potential. 


The method of calculation of the AN potential follows very closely the 
work of OHMURA, MoRITA and YAMADA (!4!5) on ordinary *H. The Schrédinger 
equation for *H, is of the form 


(3) (TV EB = 0, 


where 7 is the kinetic energy operator (the same as the { in reference (14) 
except for the difference due to the heavier mass of the A), V is the potential 
and B= 3 MeV is the binding energy. The result is not very sensitive to 


(+) T. Kixura (OHMURA), M. Morira and M. YAMADA: Progr. Theor. Phys., 15, 
222 (1956). 

(5) T. Oumura, M. Morira and M. Yamapa: Progr. Theor. Phys., 17, 326 (1957). 

(5) H. FesHBAacH and S. I. RuBINOw: Phys. Rev., 98, 188 (1955). 

(7) D. B. LiCHTENBERG and M. Ross: Phys. Rev., 107, 1714 (1957). 
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the choice of B, since B is a small difference between two large numbers. The 
potential is of the form 


(4) PA) Er Malt) a Vi (13), 


where V,is the NN triplet potential and V, is the spin-averaged AN potential. 
Letting the AN potential in the triplet and singlet spin states be V,, and Vy, 
respectively, V, is given by 


a | Veen if V.,>YV,, (in absolute magnitude) 
ASF APTE. 37,, if Vy<VA (in absolute magnitude) . 


We choose the potentials V, and V, to have the same functional form as in 
reference (14): 


o | Vi (r) =—Vyy exp[—ay(r—D)], 7 >D, 
| V,(r) = ©, (ZI 


with V,,, «x and D constant. We choose V, to be given by the same expres- 
sion as V, with V,, replaced by Vo, and a, replaced by x. The radius of 
the repulsive core Dj is taken the same for V, and V;. The form for the 
potential is that of decreasing exponential outside the hard core. OHMURA 
et al. (5) have shown that if a Yukawa is taken instead, the results are not 
changed significantly, provided the core radius is not too small (D = 0.2- 
‘10-18 em). The trial wave function W ig chosen to be a simple product wave 
function of the type given in equation (2): 


3 

n | w_T]expl-ulr-DI—expl—r— DI, allr>D, 
21 

HAE otherwise, 


where ]] indicates a product and mw and v are parameters to be varied. An 
obvious improvement in the wave function (7) could be made by replacing u 
and » by u' and »’ for à = 3. However, we do not do this because of the 
added complexity of the calculation when the number of parameters is doubled. 

The parameters of the potentials are taken from reference (14). We choose 
two sets: 


Die Oe Vee CI, Vor= 286 MeV , 

(8a) 
a, =1.89-10% cmt, a, = 1.90-101° em”, 
DEO 41 05 crn, Vo, = 475 MeV, 

(86) 


| = 2.52-101 em, da = 22:40:10! cm™. 
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This leaves V,, as the parameter of the AN potential to be determined. From 


V.. we can compute the well depth parameter s. The range of the tail of the 


AN potential x, is longer than that assumed in most calculations. We choose 
the parameters of (8) so that we can make use of the table of results already 
given by OHMURA et al. (reference (14), Table VI) for the potential energies. 
We can also use Table VI for the kinetic energy, reducing the values of the 
table by the factor 


F = (M/3)(2/M +1/M,), 


where M and M, are the masses of the nucleon and A. This factor is simply 
the ratio of the reduced mass of *H to the reduced mass of *H,. 
The calculation yields the following AN potentials: 


(9a) Vi =160 MeV, D2 = 0.2, 
(9b) Vi, = 280 MeV, D=0.4. 


For comparison, we also give the NN singlet potential depth V,, with the 
same core radii D and ranges a,: 


(a) Vae= 200eMeVe. ANE = ARs 


(b) Vo = 330 MeV , VE — 0.85 A 


3. — Discussion. 


With the AN potentials found in the previous section, we obtain the fol- 
lowing values for the well depth parameter s: 
(10a) SG = OY if 1D 
(100) $= 0.89 if Di= 0.4. 

From equations (5) and (10) we see that if V,,>V,,, a bound state of 2H, 
does not exist. If V,,>V,,, we see that a bound state of 2H, exists if the 
following inequality is satisfied: 

(11a) PI 90,28 0 007 


or 


(116) Pit 0.56 I Ce 
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However, OHMURA et al. estimate that their trial wave funetion gives too low 
a binding energy of 5H by — 1 MeV. If this is also the case with our trial 
wave function (7), which is of the same form, then the AN potentials should 
be reduced about 5%. Making this reduction, we obtain as the condition 
for a bound state of *H,: 


(12a) ie 0 ity 100, 
(120) SRM, © Ug OY a 02 


In the previous analysis of hyperfragments (7), it was found that if Ve Vite 
the spin dependence of the AN force is about 


(13) y 


a mate 

Comparing (12) with (13), we see that for a core radius D — 0.2, HMS 
not bound, and with D— 0.4 2H, is on the borderline of being bound. It 
should be pointed out that the differences between (11a) and (116) are due, 
not only to the difference in the assumed core radii for the AN potential, 
but to the difference in the core radius of the NN potential. For comparison 
with the values (11) and (12), we quote the value of s obtained in reference (7) 
assuming Gaussian potentials without a core: s= 0.6. 

We now briefly discuss the omission of tensor forces. First we consider 
the omission of the NN tensor potential. In spite of the fact that this potential 
is known to be large, we do not believe we have made a serious error in using 
only a central potential. This is because the hard core central NN potential 
used has been adjusted not only to fit the two-body NN data but (approx- 
imately) the binding energy of *H as well. Thus this potential ought to be suit- 
able (as far as binding energy calculations are concerned) even when the deu- 
teron is distorted provided the distortion is not greater than in 3H. This is 
the case in 8H,. We next consider the omission of tensor forces in AN po- 
tential. In this case we have no empirical knowledge about whether a tensor 
force exists. The assumed AN potential is therefore consistent with exper- 
iment. However, we shall make a few comments about possible AN tensor 
forces. If V,,>V,,, the effective AN potential in °H, is Vi eV poet ie 
Then, since tensor forces exist only in the triplet state, even a relatively large 
tensor potential will not appreciably alter V,. Meson theory indicates that 
V,, is in fact greater than V,, (*). Secondly, as mentioned previously, PEASE 


(*) Note added in proof. A recent work by R. Datirz and B. Downs (to be 
published) indicates that experimentally Va, is greater than Vy:, in agreement with 
theory. 
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and FEHSBACH have shown that a tensor force acts appreciably in contri- 
buting to the binding of *H only if the tensor force is longer ranged than the 
central force. Again turning to meson theory, we find that the tensor force 
should be longer ranged than the central force in the NN case, but not in 
the AN case. This point is discussed further in reference (7) and (17). Thus, 
if the predictions of the meson theory are valid, tensor AN forces are not 
important in *H,. 

Finally we point out that the range assumed for the AN potential is actually 
more appropriate to the NN potential. If a somewhat shorter range, more 
singular AN potential is taken, it should be more effective in binding *H,. 
Thus, the calculated value of s should be reduced. This consideration makes 
it seem extremely unlikely that the hyperdeuteron can exist, even if V,,> Vas 
provided the form of V, is a central, hard-core potential with a short range 
tail. However, the fact that equation (13) is on the borderline of satisfying 
the inequality 12b) emphasizes the need for more accurate variational cal- 
culations with hard core potentials. 


* KO 

The author weuld like to express his thanks to Professor W. JENTSCHKE 
for the hospitality shown him at the Physikalisches Staatsinstitut. He is also 
grateful to Dr. G. SUSSMANN for interesting discussions. Finally he acknow- 
ledges the benefit of a Fulbright travel grant. 


RIASSUNTO (*) 


Si esegue un calcolo variazionale dell’energia di legame dell’ipertritone allo scopo 
di determinare l’intensità del potenziale di un nucleone A con un nocciolo ripulsivo 
infinito. Si fa uso di un potenziale di « hard core » anche per descrivere l’interazione 
protone-neutrone. Si trova un potenziale del nucleone A superiore a quello determinato 
con calcoli precedenti basati sull’ipotesi di potenziali monotonicamente variabili. Non- 
dimeno, il potenziale del nucleone A non appare ancora abbastanza intenso per legare 
l’iperdeutone. Nel calcolo si omettono le forze tensoriali ma si danno argomenti per 
dimostrare che la loro omissione non influisce sostanzialmente sui risultati. 


(*) Traduzione a cura della Redazione. 
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Neutral V-Particle from Copper and Carbon (*). 


W. A. Cooper (+), H. FILTHUTH, L. MONTANET, J. A. NEWTH, 
G. Perruccr, R. A. SALMERON and A. ZICHICHI 


CERN - Geneva 


(ricevuto 111 Febbraio 1958) 


Summary. — The results of a cosmic-ray experiment on the production 
of neutral V-particles in copper and carbon are given. The conclusions 
are based on the analysis of 51 V°-events from copper and 28 from carbon. 
The ratio of number of A°-particles to number of short-lived 0°-particles 
at production is found to be ~1:1 in copper and — 1: 2 in carbon 
before allowance is made for the decay modes involving only neutral 
particles. The momentum spectra found for the V°-particles agree with 
earlier results. A possible asymmetry in the decay of A°-particles is 
discussed and estimates of the mean lifetimes of A° and 0°-particles 
are given. 


4. — Introduction. 


During the past few years it has become clear that cosmic-ray experiments 
can no longer compete with accelerators in the study of the properties of the 
known strange particles. The same conclusion does not yet apply to the study 
of the production processes of the strange particles. Cosmic-ray experiments 
have the advantage (which is certainly short-lived) that particles are readily 
available with energies well above the thresholds of all the expected pro- 
duction reactions. 

The results described in this paper come from an experiment designed to 
study the production of strange particles in materials of low and high atomic 
weight (carbon and copper). The targets were placed successively across the 


(*) A part of the contents of this paper was presented at the International Con- 
ference on Mesons and Recently Discovered Particles, Padua-Venice (September 1957). 
(+) Now at the Atomic Energy Research Establishment, Harwell, England. 
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centre of the magnet cloud chamber at the Jungfraujoch (1). Above the chamber 
was placed a layer of 30 cm lead. Nuclear interactions in this lead produced 
a large flux of energetic secondaries which passed through the targets. Seventy- 
nine neutral V-particles produced in the interactions of these secondaries were 
observed to decay in the chamber. The analysis of these events is given in 
Sect. 2 and 3 below. 

In making this analysis, an apparent asymmetry in the decay of slow 
A°-particles was found. This is discussed in Sect. 4. Finally, the decays were 
used to make new estimates of the lifetimes of A°- and 6!-particles. These 
estimates are given in Sect. 5. 


2. — Selection and classification of data. 


The experiments using copper and carbon targets were performed conse- 
cutively. The copper target was a sheet, 1.2 em thick, placed centrally across 
the cloud chamber. The carbon target was made of graphite blocks (density 
2.0 g/em*) and was 2.5 cm thick. To increase the number of V-events available 
from carbon, a second target in the form of a wedge (average thickness 5 cm) 
was placed under the roof of the cloud chamber. For some purposes the V-part- 
icles from both carbon targets could be used but for making a comparison 
between the absolute frequencies of production in copper and carbon only the 
V-particles coming from interactions in the central plates were considered. 

V-events associated with nuclear interactions in the targets were selected. 
For the neutral V-events the requirements for this association were, in any 
case, that the interaction should be in the plane of the V-event and, where 
complete analysis of the V-event was possible, that the calculated line of flight 
should pass through the interaction within the limits of experimental error. 
Table I gives a summary of the yield of the experiment. 


TABLE I. — Summary of V-events from Copper and Carbon. 
| 5 
ae Number of | Number of Number of Number of pairs 
SÙ photographs V°-events V=-events of V-events 
Copper 35135 51 3 6 
Carbon 13877 28 4 2, 
Total 54012 79 7 | 8 
The table shows the total numbers of V-particles observed to come from interactions in 
the copper and carbon targets. The copper target was a sheet 1.2 cm thick placed centrally 
in the cloud chamber. There were two carbon targets, one a central sheet 2.5 cm thick and 
the second a « wedge » with average thickness 5.0 cm, placed under the roof of the cloud chamber. 


(1) J. A. NEwTH: Suppl. Nuovo Cimento, 11, 296 (1954). 
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The decays were classified as being compatible or incompatible with the 
process A° > p+r=+37 MeV. Those events that were not compatible with 
Ao-decay could all be interpreted as decays of the type 0 —7t+7r +214 MeV. 
Measurements of momenta, angles and ionization made the classification of 
most of the events unambiguous but there remained 31 events which could 
be interpreted either as A°-decays or as 0)-decays. These 31 events were di- 
vided statistically using the «-parameter of PODOLANSKI and ARMENTEROS (2) 
whose magnitude could be determined for every event from angle measure- 
ments alone. It was assumed: a) that 0°-particles decay isotropically in the 
centre of mass system with « evenly distributed between the allowed limits, 
and b) that there is symmetry in A°-decays between events where the proton 
is emitted forwards in the centre of mass system (x > 0.69) and events where 
the proton is emitted backwards (x < 0.69) (*). 

With these assumptions the division of all the V°-events into A°- and 0°- 
decays can be made; there is, of course, a statistical error in the division based 
on the distribution of values of x. Table II shows the results of the separation 
for all the 79 V°-events that we consider. The division between fast and slow 
particles at a momentum of 700 MeV/c is made because there is no statistical 
error in the classification below this momentum, all the decays being un- 
ambiguously identified. 


TaBLe II. — Analysis of Neutral V-particles. 


non Copper ; Carbon | Total 

category Ae go A° 0° AO 0° 
< 700 MeV/c 13 1 4 1 17 | 2 
(32.5) (4.5) (10) (4.5) (42.5) (9) 

> 700 MeV/e 13 24 6 17 19 41 
i (19.5) (48) (9) (34) (28.5) (82) 
Total 26 25 10 18 36 43 
(52) (925) (19) (38.5) (71) (91) 


The table shows how the 79 V°-events may be subdivided into different categories. For 
the low-momentum particles (p < 700 MeV/c) the separation of A°- and 6°-decays can be made 
unambiguously. For the particles with momenta above 7 00 MeV/e part of the separation has 
been made directly and part by using a statistical argument. 

The figures in parentheses give the number of particles produced corresponding to the decays 
observed. In other words, they are obtained by dividing the number of decays observed by 
the probability of observation; the latter depends on the mean lifetime and momentum of the 
particles and on the geometry of the cloud chamber. The mean lifetime assumed were 3.0°10°'s 
for A°-particles and 1.0-107!° s for 6°-particles. 


(2) J. PopoLANSKI and R. ARMENTEROS: Phil. Mag., 45, 13 (1954). 
(*) This assumption is discussed in Sect. 4. 
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Table II also shows estimates of the number of A°- and 0°-particles produced 
in the targets corresponding to the number of decays observed. These esti- 
mates are made by weighting the observations in the manner described by 
GAYTHER and BUTLER (3), using 1/P as the weight of each decay event where 
P is the probability that the decay should have occurred in the gas of the 
cloud chamber and been observed. The weights depend upon the assumed 
mean lifetimes of the particles but, in fact, the error due to this uncertainty 
is only large for the very rare slow 0°-particles. Implicit in the weighting 
procedure is the assumption that all the 0°-particles observed have the same: 
mean lifetime. This point is discussed in Sect. 3 and 5. 


8. — Results and discussion. 


3:1. Momentum spectra at production. — The most striking feature of the 
numbers in Table IT is the scarcity of 0°-particles with momenta below 700 MeV/c 
from both copper and carbon. This is in accord with the results found by 
JAMES (4) and GAYTHER (5) who studied the production of V°-particles in lead. 
There can be no doubt, from all these results, that the differential momentum 
spectrum of 0°-particles has a maximum in the neighbourhood of 1 GeV/e and 
decreases rather rapidly for lower momenta. The integral momentum spectrum 
of our 0°-particles follows, above 1 GeV/c, a power law with exponent ~ — 1.5. 

For the A°-particles, our results are again in agreement with those of 
JAMES and SALMERON (6) and GAYTHER and BUTLER (3). The differential 
momentum spectrum of A°-particles rises with decreasing momentum down 
to momenta of ca. 200 MeV/c (below which value we have no observations). 
Unfortunately, our data are insufficient to show any difference between the 
spectra of A°-particles from copper and carbon. 


3°2. The ratio N(A°) : N(0°). — Table II shows that the ratio N(A°) : (6°) 
at production is — 1: 1.0 in copper and ~1:2.0 in carbon. This difference 
is significant statistically though, of course, the true difference could be less. 
than what is observed. The ratios apply to V°-particles with momenta between 
200 MeV/c and about 3 GeV/c that are emitted near to the vertical. Outside 
these limits the efficiency of detection in our apparatus is small. 

If we assume that the production of A°-particles per atom of different 
target materials follows a law of the form N(A°) oc A* and that for 0 -part- 


(?) D. B. GAYTHER and C. C. BUTLER: Phil. Mag., 46, 467 (1955). 
(4) G. D. JAMES: Suppl. Nuovo Cimento, 4, 325 (1956). 

(9) D. B. GAYTHER: Phil. Mag., 45, 570 (1954); 46, 1362 (1955). 
(6) G. D. JAMES and R. A. SALMERON: Phil. Mag., 46, 571 (1955). 
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icles a similar law (0°) cc 4, the ratio N(A°)/N(6°) will vary as A4**. From 
our observations the difference æ —y is equal to 0.42 with an asymmetric 
statistical error which can best be represented by saying that there is 95 Ca 
probability that the true value is between 0.20 and 0.65. 


33. Probabilities of production in carbon and copper. — In the above ar- 
gument there is no need to have an exact knowledge of the target thicknesses. 
since only ratios are compared for the two target materials. However, if we 
wish to determine the separate values of x and y, rather than e — y, the target. 
thicknesses are of primary importance and the only Vo-particles from carbon 
that we may include are those produced in the central plate across the cloud 
chamber. Since these form only half of the total numbers listed in Table II, 
the statistical accuracy is poor. However, the calculated values (numbers. 
per atom) are the following: 


if N(A°)oc A then 1.0<x<15 
and 


if N(0°) oc AY then 0.6 <y< 1.0. 


These results cannot be directly translated into cross-sections since the: 
flux of primary particles producing the Vo-particles is not homogeneous. It is 
reasonable to assume that the majority are z-mesons with momenta of several 
GeV/c, but there are certainly some nucleons and K-mesons in addition. 


34. The effect of unobservable decays. — All the above results apply the to 
production of short-lived particles whose decays can be recognized. If there: 
are, in addition, A°- and 6°-particles that are very long-lived or which decay 
into neutral secondaries, the figures for production given in Table II must 
be correspondingly increased. 

On this subject, the most valuable work available is that of EISLER et al. (7) 
and the observations reported by CHINOSKY et al. (*). EISLER et al. find that 
the decay A° — n +7 takes place for about one-third of all A°-particles. The 
figures in Table II referring to the production of A°-particles must be mul- 
tiplied by 1.5 to take account of these neutral decays. 

For the 0°-particles there is now considerable experimental evidence that: 
confirms the theoretical prediction that half the particles should decay with 


(7) F. EisLer, R. Piano, N. Samios, M. Scuwartz and J. STEINBERGER: Nuovo 
Cimento, 5, 1700 (1957). 

(8) W. Cuinosky, K. LANDÉ and L. M. LepERMANN: International Conference on 
Mesons and Recently Discovered Particles, Padua-Venice (September 1957). 
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a long mean lifetime (0°-decays). Moreover, some of the short-lived 0°-part- 
icles should decay into two r°-mesons (about 12% according to EISLER et al.). 
For these reasons, the numbers of 0°mesons given in Table IT have to be 
multiplied by a factor of about 2.3. 

The overall result of these changes is to alter the ratios of N(A®) : (0°) 
at production so that they become ~ 1: 1.5 in copper and ~ 1: 3.0 in carbon. 


35. Discussion. — In our present experiment we find a significant diffe- 
rence between the values of the ratio N(A°): N (6°) for production in 
carbon and copper. The values of the ratio are 1:2 for carbon and 1:1 for 
copper before allowance is made for unobservable decays. GAYTHER (5) in a 
comparable cosmic-ray experiment found a ratio of about 1:0.5 for pro- 
duction in a lead target. 

Using 7--mesons with an energy of 1.9 GeV from the Cosmotron, BLUMEN- 
FELD et al. (°°) studied the production of V°-particles in carbon and lead. 
The ratio N(A°):N(0°) at production was found to be 1:0.8 in carbon and 
1:0.26 in lead. 

From these different results two qualitative conclusions can be drawn. 
First, that in both cosmic-ray and machine experiments the ratio N(A°): N (0°) 
increases with increasing size of the target nucleus. Second, for a given target 
material, the ratio N(A°): V(0°) is higher in the machine experiment than 
in the cosmic ray experiment. The data are not adequate for these two con- 
clusions to be expressed in a valuable quantitative way. 

The increase in the ratio N(A°): N (9°) in heavy nuclei can be explained 
by more /A°-particles than 0°-particles being produced in secondary reactions 
in the nucleus or by more 0°-particles than A°-particles being absorbed or by 
some combination of the two effects. However, N (0°) alone varies approx- 
imately as A* and this is what would be expected if the production of 0°-part- 
icles occurred mainly in «primary » collisions of particles incident on the 
target and if there were little subsequent absorption of the 0°-particles in the 
parent nucleus. With this over-simplified picture it is possible to explain the 
values of N(A°): N (9°) by considering only those secondary reactions that 
lead to the production of additional A°-particles. 

BLUMENFELD et al. proposed this type of explanation of their results. In 
addition to the direct production of A°-particles in 7--proton collisions they 
considered that the reactions 


(1) T-+N->X+K 


(©) H. BLUMENFELD, E. T. Booty, L. M. LEDERMANN and W. CHINOWSKyY: Bull. 


Amer. Phys. Soc., Ser. II, 1, 63 (1956). 
(°) H. BLuMENFELD: Ph. D. Thesis (Columbia University, 1957). 
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could be followed by 


(2) x +p—A+n 


occurring in the same nucleus. 

At cosmic-ray energies the allowed production processes of strange part- 
icles are more numerous and, in particular, there is good reason to believe 
that the production of pairs of K-mesons is an important process (!512). The 
sequence of reactions leading to the formation of A°-particles in heavy nuclei 
can then be 


(3) c+No>N+K+K 


followed by 


(4) RIN A ET. 


If reaction (3) leads to a K-meson of sufficiently high energy, a further 
interesting possibility arises. This is that the K-meson interacts with à nucleon 
to form a E-particle which subsequently decays into a A°-particle. The pro- 
cesses are 


(5) K+N->5+K 
and 
(6) H>A°+n. 


The interest of this process lies in the fact that the A°-particle is produced in 
a «slow» decay where «strangeness » is not conserved. This is discussed 
further in Sect. 4. 

The difference between the values for the ratio N(A°): N (0°) in carbon 
found by us and by BLUMENFELD et al. can readily be explained. The r- 
mesons used by BLUMENFELD et al. had an energy only slightly above the 
threshold for reaction (3). If the production of K-meson pairs is a process 
that occurs frequently at cosmic-ray energies, it provides a mechanism by 
which §°-particles may be produced unaccompanied by hyperons. Our result 
may therefore be taken as further evidence for the great importance of the 
pair production of K-mesons in cosmic ray experiments. 

Unfortunately, the interpretation is complicated by the presence of charged 
K-mesons among the primary particles that produce nuclear interactions in 


(1) W. A. Cooper, H. Firtuutu, J. A. Newru and R. A. SALMERON: Nuovo 


Cimento, 4, 390 (1956). 
(12) W. A. Cooper, H. FILTHUTH, J. A. Newtu, G. PeTtRUCCI, R. A. SALMERON 


and A. Zicnicni: Nuovo Cimento, 5, 1388 (1957). 


31 - Il Nuovo Cimento. 
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our targets. The positive excess among cosmic-ray K-mesons may result in 
the production of more 0°- than At-particles since only negative K-mesons 
are expected to have a high cross-section for producing A°-particles while both 
positive and negative K-mesons should produce 0'-particles. Not enough is 
known about the interactions of energetic K-mesons for the exact importance 
of this effect to be calculated but it could not, alone, explain the difference 
between our result and that of BLUMENFELD et al. 


4. A possible asymmetry in the decay of A°-particles. 


In Sect. 2, the distribution of the unidentified V°-events between A°-decays 
and €°-decays was described. It depends, essentially on the assumption that 
the proton in A°-decay is not emitted preferentially forwards or backwards 
in the centre of mass system. Expressed differently, if 0* is the angle in the 
centre of mass system that the proton trajectory makes with the direction of 
motion of the A°-particle in the laboratory system, it is assumed that cos 0* 
is equally likely to be positive or negative. 

The only theoretical argument in favour of this symmetry applies to A°- 
particles produced in parity-conserving reactions (1%) but it is not known how 
many cosmic-ray A°-particles are produced in such reactions. For example, 
A®-particles can be produced in the decay of &-particles where parity may 
not be conserved. 

In our experiment we found 17 identified, slow A°-particles and among 
the decays of these particles there are 3 with positive values of cos 0*, 11 with 
negative values and 3 where the value of 0* is near 90° and cos 0* is of doubt- 
ful sign. There is no bias involved in selecting these 17 events since not one 
of our unidentified V°-decays can be interpreted as a A°-decay with momentum 
less than 700 MeV/c. 

This indication of a lack of symmetry led us to investigate the existing 
experimental evidence more carefully. There are two earlier cosmic-ray exper- 
iments where this symmetry has been specifically studied. ARMENTEROS (11) 
first called attention to the problem. He reported that among 18 events, 
6 gave positive values of cos 0* and 12 gave negative values. GAYTHER (5) 
found a symmetrical distribution of cos 0* (11 positive and 10 negative values). 
Some further information can be found in tables of measurements published 
in connection with two other experiments (15:16) which both show an excess 


18) T. D. Lez and C. N. YANG: Phys. Rev., 104, 254 (1956). 
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) R. ARMENTEROS: Report of the Bagnères Congress on Cosmic Radiation (1953). 
5) H. S. BRIDGE, C. PEYROU, B. Rossi and R. SAFFORD: Phys. Rev., 91, 362 (1953). 
16) W. B. FRETTER, M. M. May and M. P. Naxapa: Phys. Rev., 89, 168 (1953). 
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of negative values of cos 0*. However, there is certainly an observational bias 
that favours the recognition of A°-decays with negative values of cos 0* and 
this bias can only be avoided by considering the very slowest A°-decays (with 
momenta less than 600 MeV/c). In such decays the proton, even when emitted 
forwards, has an ionization of at least 2.5 times the minimum value. In the 
two experiments considered there are 28 decays of A°-particles with momenta 
below 600 MeV/c. These give 8 positive and 18 negative values of cos ke 
2 are of doubtful sign. 

In addition to the above cosmic-ray experiments there is a machine exper- 
iment of BUDDE et al. (17) in which the decays of A°-particles produced in the 
collisions of 1.3 GeV x--mesons with protons were studied. In this experiment 
no asymmetry of the type we discuss was found (11 positive values of cos 0* 
and 10 negative values). This result is not strictly comparable with the cosmic- 
ray data concerning A°-particles produced either directly or indirectly in high- 
energy interactions in complex nuclei. 

To obtain more information we decided to make a further independent 
determination of the asymmetry using some photographs, not previously ana- 
lyzed, showing the decays of slow A°-particles produced in lead. 30 A°-decays 
were found by selecting V°-events where the positive secondary particle could 
be identified as a proton from its momentum and ionization. To reduce the 
observational bias already mentioned we considered only 21 A°-particles with 
momenta below 600 MeV/c. In the decays of these particles there were 3 po- 
sitive values of cos 0*, 10 negative and 3 of doubtful sign. 

If we combine together the results from the cosmic-ray experiments where 
the symmetry of A°decay has been specifically considered (and where, pre- 
sumably, the residual bias is small) we find that the values of cos 0* are 
distributed as 28 positive, 43 negative and 6 of doubtful sign. If we add the 
results of the two further experiments (151), the distribution becomes 36 po- 
sitive, 61 negative and 8 of doubtful sign. The probabilities for such asym- 
metric distributions to arise by statistical fluctuation from a symmetrical 
population are 7.5% and 11%, respectively. 

To sum up, there is some evidence for the existence of a forward-backward 
asymmetry in the decay of slow cosmic-ray A°-particles. The evidence is not 
conclusive statistically and there is insufficient knowledge of the effects of 
bias in scanning and recognition of the events in some of the experiments 
for us to be able to accept the data at their face value. The evidence for an 
and the importance of the effect—are certainly great enough to 


asymmetry 
justify further experiment. 


(17) R. BuppE, M. CHRÉTIEN, J. Leitner, N. P. Samros, M. ScHwaRTz and J. STEIN- 
BERGER: Phys. Rev., 108, 1827 (1956). 
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5. — Mean lifetimes of A° and 0}-particles. 


Having available a fairly large number of A°- and 0,;-decays it was a re- 
latively simple matter to use these events to determine the mean lifetimes 
of the two types of particle. The techniques used for this determination are 
well known (18:19). 


51. Ao-particles. — Using 21 A°-particles produced in the copper and carbon 
targets placed inside the cloud chamber, the calculation gave the following 
mean lifetime and statistical error: 


ni (2002 ye cman te) 


Including in the calculation also the 19 A°-particles referred to in Sect. 4, 
we find that 


To (2 046) Io 


52. 0'-particles. — Using 29 0!-decays we find for the mean lifetime of 
these particles: 


= (0.847973)-10-1° 8 . 


In connection with the mean lifetime of the 0/-mesons there are two com- 
ments that should be made. First, one requirement of the selected decays 
was that the plane of the V-event should contain, within the experimental 
error, the nuclear interaction from which the V-particle was presumed to come. 
This requirement reduces the chance that a 0°-meson, decaying into three 
secondaries, should be included in the analysis. In other words, the mean 
lifetime that has been estimated should be based almost entirely on decays 
of the type 6 > x*+x-. To calculate the momenta of the 0°-particles, where 
these could not be directly measured, the 0%-decay scheme was assumed. 

The second comment is that one single event among the 29 has a very 
great influence on the result. This 0°-particle has a lifetime before decay of 
3.3:10-!° s and its inclusion raises the estimate of the mean lifetime from 
0.63-1071° s to the value quoted above. The decay is well measured and ap- 


(18) M. S. BARTLETT: Phil. Mag., 44, 249 (1953). 

(19) J. A. NEwTH: Proc. Roy. Soc., A 221, 406 (1954). 

(*) The A°-lifetime found from the combined results of three machine experiments 
: (7)(10)(20)z40= (2.75+0.17)-10-10 gs, 

(°°) J. L. Brown, D. A. GLASER and M. L. PERL: preprint. 
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pears to be of the type 0 > x*-+-7n- (*). Whether it is a 0}-decay or a 0)-decay 
that is dynamically similar, we cannot say but, in any case, the event serves 
to show that the uncertainty in our knowledge of the mean lifetime of the 
0°-particles is greater than is indicated by the statistical error alone. 


We are grateful to the staff of the Hochalpine Forschungsstation, Jung- 
fraujoch, and in particular to Mr. Hans WIEDERKEHR for making our work 
there possible. 

We have received great help from Mr. 8. O. LARSON of CERN and Mr. A. 
H. CHAPMAN of Imperial College, London, in constructing and maintaining 
apparatus. 

Dr. ©. VERKERK assisted with the determinations of mean lifetimes re- 
ported in Sect. 5. For this, we are extremely grateful. 

We have been fortunate in having opportunities to discuss several parts 
of our work with Prof. H. S. BRIDGE, Dr. B. D'ESPAGNAT and Dr. J. PRENTKI. 


(*) The measured quantities were the momentum of the positive track and the 
angles of the two secondaries with the line of flight of the 0°-particle. 


RIASSUNTO 


E stata studiata la produzione di particelle V neutre in interazioni nucleari di 
raggi cosmici con rame e carbonio. Le conclusioni sono basate sull’analisi di 51 V° 
da rame e 28 da carbonio. Il rapporto, non corretto per decadimenti neutri. tra il 
numero di particelle A° e quello delle particelle 0°, a breve vita media, risulta essere 
alla produzione: 1/1 per gli eventi da rame e 1/2 per quelli da carbonio. Gli spettri 
dei momenti trovati per le V° sono in accordo con precedenti determinazioni. Sì discute 
la possibilità dell’esistenza di una asimmetria nel decadimento delle particelle A° e 
vengono dati i valori delle vite medie per le A° e 0}. 
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Inner Bremsstrahlung in Mu-Meson Decay. 


N. TZOAR and A. KLEIN 


University of Pennsylvania - Philadelphia, Pennsylvania 


(ricevuto il 27 Febbraio 1958) 


Summary. — The transition probability for decay of the u-meson with 
the emission of an additional photon is computed on the basis of the 
most general two-component theory of the neutrino with lepton con- 
servation. The estimated ratio of one radiative event per 10° decays 
suggests that the experiment may be feasible in the near future. 


In the older literature on the weak decays, considerable interest was ma- 
nifested in the study of extra photon production accompanying charged part- 
icle transformation as a possible means of obtaining information about the 
coupling constants which determine the non-radiative processes. In par- 
ticular, the emission of a photon in the decay of the u-meson was discussed 
exhaustively by LENARD (1) The recent convergence in our knowledge of 
the weak interactions, in particular the rather dramatic reemergence of a 
universal coupling in a hitherto unexpected form (2) has reduced the intrinsic 
interest in the study of the electromagnetic processes. On the other hand, 
the development of high flux accelerators together with the promised develop- 
ment of the counting techniques with essentially complete solid angle accept- 
ance will shortly make such experiments feasible for the first time. 

We initially consider the most general form of the two component neutrino 
theory with lepton conservation specializing below to the universal form of 
the interaction. The couplings involved are defined by the following matrix 


(1) A. LENARD: Phys. Rev., 90, 968 (1953). 
(?) R. P. Feynman and M. GELL-MANN: Phys. Rev., 109, 193 (1958); E. C. G. Su- 
DARSHAN and R. E. MarsHAK: Bull. Amer. Phys. Soc., 3, no. 1, 20 (1958). 
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dI 


element for the non-radiative decay of the ur: 


ee, f 1 . yo ta ; . x 

A) M = wlp) fg9,3(1— ip) + 97,31 + iys)} UP) Wa) dA + 70), 
where p, P, q, q are four-momenta of electron, muon, neutrino, and anti- 
neutrino respectively. For the process of inner bremsstrahlung, we then obtain 
the following transition probability for a p-meson at rest and polarized in 
the < direction: 


on 1 } ite 
- dp dkT|9 |? + 19e 1h, Ky 6,,e) + 


2 We= 


| Te | | 0 À 
+ [191° — 192 PP, ks One) 
where x is the fine structure constant, & the photon momentum, e its polar- 


ization vector, o, a unit vector in the direction of the u-meson spin, and 
where the functions fp; are given by the expressions 


Ge vk 
Le, + (GG)p; + Hi (Gp) + 2(Gk) +2MG;— (GG)] + 


9010 VR 2 DO) Ea 
+ 2(Gk)G, + (GG)k. + — (Dda ea Wk 4 o) One 


us 2 Mp, + 2MG,; — 2(pG)] + 
Me REN ee be (PG) 


(GG)(KG) (ep) 


Cnr (ph oe Gk) (ph) eo. 
Wp le eee Roe 


Here i takes on the values, î= 0.3; (AB) means A,B,— 4:B, and 


(4) (i Sa PE =: p passi k], ? 
that is, 
(5) G=—p-—k, G,= M—p—k. 


Since one will undoubtedly detect the photons by means of their sub- 
sequent pair production, there exists some possibility of obtaining information 
about photon polarization as well as of studying the correlation between the 
directions of the electron and the photon. 

If one is not interested in the photon polarization, then the following re- 
placements. are in order: 


(6) (ep)?/(kp)? > [p?— (p-&)?/k? (kp)? , (ep) es/(kp) > [ps — (pR)ka/k®}/(kp) . 
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It is perhaps worth noting a simple argument for the occurrence in W of 
the combinations |g,|?-+|g.|? and |g,|?—|g.|? alone. The Hamiltonian corres- 
ponding to Eq. (1), for example, is invariant under the transformation of 
electron variables 


(7) pry, Pw Ws), mem, 
with the simultaneous replacements 
(8) Neh, GI 


Thus the other possible independent combinations Re g,g* and Img,g; of 
g, and g, can occur only in terms proportional to m, which we neglect. 

The universal form of coupling is obtained by setting g,=0, g,= (8)?G 
in the notation of FEYNMAN and GELL-MANN (?). 

From Eqs. (2) and (3) in conjunction with the corresponding equation for 
non-radiative decay (*), we estimate the relative probability for inner brems- 
strahlung to be 10-5 per u-decay. Essentially the same result follows from 
simple phase space considerations. 


We wish to thank Dr. W. SELOVE for an interesting discussion of the 
experimental possibilities. 


(3) T. D. LEE and C. N. YANG: Phys. Rev., 108, 1611 (1957). 


RIASSUNTO (*) 


Si calcola la probabilità di transizione per decadimento del mesone y con Vemis- 
sione di un fotone addizionale sulla base della più generale teoria del neutrino a due 
componenti con conservazione dei leptoni. La proporzione prevista di un evento radia- 
tivo per 10° decadimenti suggerisce che in un prossimo futuro l’esperienza sarà eseemibile. 


(*) Traduzione a cura della Redazione. 
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On the Nucleon-Antinucleon Interactions (*). 


M. GourpIN, B. JANcovIcI and L. VERLET 


Laboratoire de Physique de V Ecole Normale Supérieure - Université de Paris 


(ricevuto il 25 Marzo 1958) 


Résumé. — Les sections efficaces nucléon-antinucléon ont été calculées 
à 167 MeV avec deux modèles à puits de potentiel complexe. On a d’abord 
étudié des puits complexes de Yukawa, dans l’approximation de Born. 
Un potentiel semi-théorique a ensuite été analysé sur l'Ordinateur électro- 
nique IBM 704: la partie réelle est le potentiel de Signell et Marshak, 
adapté au problème nucléon-antinueléon, et la partie imaginaire, un puits 
phénoménologique de Yukawa. Pour rendre compte des résultats expé- 
rimentaux (grande section efficace totale et petite section efficace de 
diffusion), il apparait nécessaire que le potentiel réel soit faible et que 
le potentiel imaginaire ait une portée au moins égale a la portée usuelle 
des forces nucléaires. La théorie mésique de la source fixe d'une part 
conduit à un potentiel réel trop fort, et d'autre part ne prédit pas de 
potentiel imaginaire; cette théorie ne peut pas rendre compte des résultats 


expérimentaux. 


1. — Introduction. 


The experiments (') on the nucleon-antinucleon cross-sections, although 
they are still in a preliminary stage, exhibit two striking features which deserve 
theoretical understanding : 


1) For a given energy, the total cross-sections are much larger than in 
the nucleon-nucleon case: at 190 MeV in the laboratory system, the anti- 


(*) Supported in part by the United States Air Force through the European Office 
Air Research and Development Command. 

(1) 0. CHAMBERLAIN, E. SEGR, O. WIEGAND and T. YPSILANTIS: Phys. Rev., 100, 
947 (1955); B. Cork, G. R. LAMBERTSON, O. Piccroni and W. A. WENTZEL: Phys. 
Rev., 104, 1193 (1956); 107, 248 (1957); O. CHAMBERLAIN, D. V. KELLER, R. MERMOD, 
E. Sucre, H. H. SteINER and T. YPSILANTIS: Phys. Rev., 108, 1553 (1957). 
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proton-proton cross-section is of the order of 135 millibarns, in contrast with 
the 22 mb obtained with protons of the same energy. 


2) The total cross-section seems to be essentially due to annihilation. 
If we choose to believe the experiments in their present state, there seems to 
be little room for elastic and exchange scattering, which contribute probably 
less than 20% of the total cross-section (?). 


The large total cross-section has been explained by BALL and CHEW (?) 
using a model inspired by the success of the fixed source meson theory. This 
theory leads, in the nucleon-nucleon case, to the Gartenhaus potential (*); 
when a phenomenological spin-orbit term is added (5), it gives a good fit to 
the scattering and polarization data up to 150 MeV. A nucleon-antinucleon 
interaction can be obtained by reversing the sign of the second order term 
of the Gartenhaus potential, to take into account the charge conjugation bet- 
ween nucleon and antinucleon. BALL and CHEW make the two further as- 
sumptions: 


1) The Signell-Marshak spin-orbit term remains unchanged when one 
goes to the nucleon-antinucleon case. 


2) The inner region of the interaction (r < 0.4(4/uc), where w is the 


r-meson mass), of which little can be said from meson theory, is replaced by 
an absorbing core in which the annihilation takes place. The total cross- 
section at 140 MeV, computed in W.K.B. approximation with such an inter- 
action is in good agreement with experiment. The reason why the total cross- 
section is larger for antinucleons than for nucleons seems to be that, in the 
latter case, there is a cancellation between 2nd and 4th order terms. This 
cancellation disappears in the antinucleon problem where the sign of the 
2nd order term has been changed. 


The small elastic and exchange cross-sections are much more difficult to 
explain. The absorption predicted by CHEW and BALL is quite small (69 mb). 
As we shall see later, an exact calculation with the same model leads to even 
smaller results. This is in definite contradiction with the experiments if we 
choose to believe them in their present state. 

Similar results were obtained by KoBA and TAKEDA (*), who also con- 
sidered a small black sphere, surrounded by a real square well. 


(?) O. CHAMBERLAIN: private communication. 

() J. S. BALL and G. F. CHew: UCRL-3922 (1957); Phys. Rev., 109, 1385 (1958). 
(4) S. GARTENHAUS: Phys. Rev., 100, 900 (1955). 

(5) P. S. SIGNELL and R. E. MARSHAK: Phys. Rev., 106, 832 (1957). 

(5) Z. KoBa and G. TAKEDA: to be published. 
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Actually, the failure of the above models to account for a small scattering 
cross-section is not surprising, and should be related to the choice of ranges 
which are too small, especially as far as the absorbing region is concerned. 
It has been shown, in fact, by very general arguments (7) that, in order to 
obtain a small scattering cross-section together with a large total cross-section, 
it is necessary to have many partial waves, and thus a large extension of the 
absorbing potential. 

We shall therefore introduce, in a phenomenological way, a long range 
imaginary potential. Some theoretical argument has been put forward by 
M. Lévy (5) in favour of such a potential. Ina preliminary exploration (Sect. 2), 
we investigate the scattering and annihilation cross-sections obtained with 
simple real and imaginary Yukawa potentials, having independent depths and 
ranges. Agreement with experiment requires that the imaginary potential 
has a range at least of the order of the meson Compton wave length, and that 
the real potential has a relatively small depth. 

In a following Section (3), we try to improve Ball and Chew’s model by 
adding to their real potential a phenomenological Yukawa shaped imaginary 
potential. An exact phase-shift analysis leads us to the conclusion that the 
fixed source meson theory in its present state provides a real potential which 
is much too strong to account for the small scattering cross-sections. 


2. — Complex potential with Yukawa wells. 


In this Section, we intend to calculate in Born approximation, the scat- 
tering and absorption cross-sections with the complex potential: 


. exp rl. exp pri 
J (7) = — Vp = A MI Pr di 2 


The choice of a Yukawa shape, at least for the imaginary part, is related to the 
physical assumption that the absorption should be strong at short distances. 
The Yukawa shape has also the mathematical advantage that the Born ap- 
proximation can be ‘alculated analytically up to the second order (°); the 
necessary formulae are given in Appendix I. It can be seen that, with our 
choice of parameters, the convergence of the Born series is good. For a fixed 
total cross-section, the elastic scattering increases when the ranges «! and 


(7) M. Lévy: Padua-Venice Conference (1957); W. Rarita: Bull. Amer. Phys. 
Soc. 2, 354 (1957). 

(8) M. Livy: to be published in Nuovo Cimento. 

(9) P. Morse and H. FESHBACH: Methods of Theoretical Physics (New York, 1953). 
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B-1 decrease. This result confirms the need for long range potentials in order 
to fit the small elastic to total cross-section ratio. 

We proceed to a more quantitative study for the incident wave number 
k=2u. This wave number corresponds to an incident antiproton energy of 
167 MeV in the laboratory system. We consider several sets of values for 
the ranges «1 and f-1, and, of each of them, first choose V,= 0. V, is adjusted 
so as to yield 120 mb for the corresponding total cross-section. We then vary 
V, and look for the maximum value of V, which is allowed if there is to be 


R 
no more than 30 mb for the elastic cross-section. The results are in Table I. 


Tagze I. — The elastic and total cross-sections as computed with complex Yukawa wells. 
pp GIÙ V, (MeV) Va (MeV) Oto, (Mb) Ga (Mb) 
0.83 = 30.2 0 120 30 
I — 23.0 0 120 a SB, 
1 I 23.0 18.9 139.5 30 
Il 2 23.0 4.83 137.2 30 
2 2.58 0 120 3.8 | 
2 1 2.58 27.9 149.5 30 | 
2 2 2.58 6.82 156.1 30 | 


It is seen, even without any real potential, that the imaginary part must 
have at least a range of 0.83 ut. The presence of a real potential still in- 
creases the scattering. The maximum depth for a real potential of normal 
range (au = 1) is rather small (*). Furthermore, if an attractive real po- 
tential is able to increase somewhat the annihilation (total minus elastic) cross- 
sections, at the same time, the elastic cross-section increases by a comparable 
amount, and the situation is not improved. 

We thus have a strong indication that, in order to fit the experimental 
results, we need a long range imaginary potential (to provide the large total 
cross-section) and a small real potential (to obtain a small scattering cross- 
section). | 


3. — Semi-theorical complex potential. 


The phenomenological real potentials established in the preceding section 
are much weaker than the Ball and Chew real potential. Thus, it can be anti- 
cipated that the latter will give too much scattering. The results with this 
interaction, however, cannot safely be guessed from Born approximation. 


(*) For the sake of comparison, we recall that the depth of the Yukawa well of 
the same range which fits the deuteron is 47 MeV. 
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Furthermore, since the Signell and Marshak potential worked so nicely in the 
proton-proton case, it is probably worthwhile to attempt to consider it in the 
present antinucleon problem. 

Consequently, we first investigate the following model: the real part of 
the potential, at least for distances larger than 7, = 0.38u7, will be the Sig- 
nell and Marshak potential, with the sign of the 2nd order term changed, as 
in the model of Chew and Ball. To this real potential, we add the same phe- 
nomenological imaginary Yukawa shaped potential as in Sect. 2. We try to 
adjust the range 6-1 and the depth V, so as to obtain a total cross-section of 
about 150 mb, and an annihilation cross-section not much smaller, for an 
incident energy of 167 MeV. 

Various models for the core region have been used. Hither we describe it 
by a complex well, the depths of which have been extensively varied in signs 
and magnitudes, or we simulate the core by absorption boundary conditions 
ume ae 

In contrast with the nucleon-nucleon system, in the nucleon-antinucleon 
case we must consider, for given L and S, both isotopic spins 0 and 1. From 
the corresponding scattering amplitudes M, and M, one obtains the diffe- 
rential cross-sections for the various processes (1): 


do, RUE DIE M, ale M, È 
(Oni 2 ? 
do, + p—nû + n Pa M, a M, È 
dQ dà 2 a 
does 
eon rae ee 2, 
dQ | 1 


For each partial wave, the computation of M, and M, is performed with the 
complex phase-shift method (1!) for tensor forces, extended to the situation 
where there is also a complex potential. In the cases of a singlet state and of 
a triplet L—.J state, the real and the imaginary parts of the radial wave 
functions satisfy two differential equations coupled through the imaginary part 
of the potential. For the other triplet states, the wave functions are also 
coupled by the tensor force, and we have a system of four coupled real dif- 
ferential equations. The principal formulae are given in Appendix IT. 

The calculation of explicit solutions of these differential equations, the 
determination of proper combinations obeying the various boundary con- 
ditions at the core radius, the calculation of the corresponding phase-shifts, 


(19) H. A. Berne and J. HAMILTON: Nuovo Cimento, 4, 1 (1956). 
(11) W. RarirA and J. SCHWINGER: Phys. Rev., 59, 436, 556 (1941). 
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and finally the computation of the cross-sections have been carried out on 
the IBM 704 digital computer. For L> 3, the contributions of the real po- 
tential are negligible, and we used the second order Born approximation for 
the imaginary potential. 

The total cross-section for the p+) reactions is the sum of three terms: 


a) elastic cross-section o,, (final state p+ p); 
b) exchange cross-section ©, (final state n+n); 
c) annihilation cross-section 0,,- 


The results for various values of the depth and of the range of the imaginary 
Yukawa potential are tabulated in Table II. The ratio 9 = 6,/0,4 is also 
presented. The calculations were performed with 15 different boundary con- 
ditions at the core, in order to test the sensitivity of the results to the structure 
of the core. We only report three sets of results corresponding respectively 
to the black sphere, to the most favourable case, and to the least favourable one. 

The condition I, which is of the same kind as in BALL and CHEW, is such 
that there are only ingoing waves at the surface of the core, where the log- 
arithmic derivatives of the reduced wave function must be — dk (k is chosen 
here as the wave number at infinity). For condition IT, the core is a complex 
square well with the parameters V,= 650 MeV, V,— 1000 MeV. Condition 
III corresponds to a real infinite repulsive core. 

The different cross-sections should in principle depend on the initial con- 
ditions. But, in the presence of an imaginary potential of sufficient importance, 
the wave function is damped before it reaches the core. Since the phenomena 
in this region are little known, it is most satisfactory to obtain results which 
are fairly independent of the boundary conditions. 

The elastic cross-section is practically independent of the presence of an 
imaginary potential. It essentially comes from the real part of the potential 
and thus it appears that it is impossible to obtain a small scattering cross- 
section. 

We cannot give serious consideration to the results concerning the exchange 
cross-section because the latter proceeds from the difference between the 
amplitudes M, and M, whereas, in our phenomenological model, the imaginary 
potential does not depend on the isotopic spin. Nevertheless, the exchange 
cross-section also seems to be too large, since experimentally it is only of the 
order of a few millibarns. 

The annihilation cross-section is extremely sensitive to the imaginary po- 
tential. If we want to obtain a large ratio of annihilation to total cross-section, 
we must use a strong imaginary potential. As a consequence, the total cross- 
section becomes much too large. On the other hand, if we adjust the depth 
of the imaginary potential in order to obtain a reasonable total cross-section, 
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the maximum value of the ratio 0= 0,,/0,, is 0.5. The experimental ratio 
is at present much larger. 

In addition, we have performed the calculations without any imaginary 
potential. With condition I, we then have the Ball and Chew model. The 
exact calculation then gives somewhat less favourable results than those ob- 
tained with the W.K.B. approximation. The ratio o,,/o,,, is 19 for p-p, in 
strong disagreement with the experimental results. Even with condition II, 
we cannot obtain a better ratio than .31. The results for the p-n case are 
quite similar. 

As the spin-orbit term of the potential is a phenomenological one, a run 
was made with its sign changed. The results are not significantly altered. 

Since the real potential seems too strong, a run was made in which it is 
damped by a factor 0.7. It appears that this reduction is not sufficient; it 
seems necessary to divide the theoretical real potential which was considered 
here by at least a factor 2. 


4. — Conclusion. 


In order to fit the experimental large total cross-sections and small elastic 
cross-sections, it is necessary to utilize a real potential of moderate strength, 
but a long range (at least around f/uc) imaginary potential. 


This last requirement could perhaps be met in a model (§) inspired by the 


fixed source meson theory, but improved so as to take also into account 
annihilation effects. Since the total cross-section is in first approximation 
proportional to the depth for an imaginary potential (instead of the square 
of the depth as for a real potential), a relatively small imaginary potential 
alone would be enough to produce a large total cross-section. 

It is much more difficult to obtain a real potential which would be suffi- 
ciently small. The straightforward extension of the Gartenhaus potential to 
the nucleon-antinucleon system predicts a too large real potential. If additional 
annihilation-type graphs do not provide the destructive interference needed for 
obtaining a smaller real potential, it will appear difficult to keep the spirit 
of the fixed source meson theory for the nucleon-antinucleon interaction, even 
in the relatively low energy domain which was considered here. The necessity 
of a resort to the relativistic theory seems more and more difficult to discard. 


We gratefully acknowledge Professor M. Livy for having proposed this 
problem, and for his continuous interest. We thank Mr. R. A. BRYAN for 
having kindly made available to us tabulations of the Gartenhaus potential. 
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The numerical computations were performed by courtesy of the IBM-France 
Company, through their European Research Fund, and we are especially 
indebted to Miss. F. RATTAUD for her help in programming. 


APPENDIX I 


The elastic cross-section is obtained from the first-order scattering am- 
plitude f(0): 


72 72 
Li IR 


o*(x* + 4k*) © B*(8* + 4k?)]” 


(1) On =| (8) 2dQ = 4. M? 


where k is the initial (and final) momentum magnitude, and M/2 the reduced 
mass. We put i — cui 

The total cross-section can be evaluated using the optical theorem. Since 
the elastic cross-section is of second order in the potential, consistency requires 
that the forward scattering amplitude be evaluated up to the second Born 
approximation: 


(2) Oro = Osa tot, 5 
where: 
(3) oi = 40 MV ,| (KB?) , 
72 2 2 pass 
(4) o® tel An M? es y R 1 Vi Va; to-1 k(x b) 


a(t + dle) FPE AP) | rape Pf) À af + del 
It is seen by inspection of formulae (1), (3) and (4) that the Born approx- 
imation converges (at least up to the second order) when the elastic cross- 


section is small compared to the total cross-section, which is precisely the 
Situation here. 


APPENDIX II 
Let us first consider the case of a triplet state L = J. The radial wave 
function has two real components: 
gy(ka) = U,(kx) + iws(ka). 


The 2 coupled real differential equations obeyed by wu, and w, admit 2 systems 
of linearly independent solutions g'! and g®, corresponding to different boundary 


32 - Il Nuovo Cimento. 
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conditions at the core; if this boundary condition is fixed, (kx) is determined 
and has the asymptotic form: 


> No, sin (ka — J7]2 Ôy 
Ho exp [i6,,] sin a 1/2 + 657) 


where 6,, is a complex phase-shift independent of m (m = + 1). The cal- 
culated solution is analysed, outside the range of the potential, in terms of 
spherical Bessel functions, with two complex constants A and B: 

gy = Aj,(kx) + Bn;(ka). 


By identification we obtain the phase-shift in the useful form exp [2706,,]: 


A + iB 
A—iB 


exp [20] = 


For the spherical Bessel functions, the following asymptotic forms are used : 


cos (ka — Jr/2) 
ka 


sin (kaw — Ja/2) 


j, (ka) dei ka , 


ny(kx) — 


We now study the more complicated case of the triplet states of parity 
(— 1)/#!. The waves of orbital angular momenta L = J + 1 are coupled by 
the real tensor forces. The radial wave functions: 


pk) = ur (ka) + iws'"(kx), 

ws (ka) = ut (ka) + iv (ka), 
obey a system of 4 coupled real differential equations, which are easily ob- 
tained from those used for a real potential (!*2). For a fixed boundary con- 


dition at the core, there are two linearly independent solutions. The general 
solution is of the form: 


PIOPPO, 
= Oy) + Cy , 


where ©, and 0, are two complex constants. 
The asymptotic form of p and y, for a given m, should be 


exp [107,41] sin (ka —(J+1)a/2 + D 


(ka) FRA DE Ga > 


exp [idr sal sin (ka — (J — 1)x/2 + 635-1) 


p(ka) ~ DIG 
ka 


(2) M. Gourpin: Journ. Phys. Rad., 17, 988 (1956). 
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The D are constants related to Clebsch-Gordan coefficients: 


Di DF; A VER 
one Mep i 


The last requirement determines the constants ©; and C,. 
The two independent systems gy, y® and y®, y® are analysed, as in 
the previous case, in spherical Bessel functions: 
Qh == AQ, (ke) + BYn,..(ke) , 
RA (e) BOnyz_1(ka), 


pt? = AT (KR) + Beny (ka), 
ye = AD, (ke) + BOn,_i(kx) . 


We finally obtain 4 phase-shifts: 03341, 07341) Oys-1) 875-1! 


Reise NTI DIT 


exp [2idy 5411 = 


D 1 
es RS OW ICT TU) 
exp [2404 5-1] = D ; 


; RLiS —2iV (J+) T 
exp [2067541] = D i 4 ) 


RESI UE 
D 


exp [2675-1] = 


R, S, T, U, D are complex numbers, combinations of the A and the B: 
RATA RATA BO RE)" 
SANT AOP (ADB AL Be); 
Tee AP BS = BOA, 
UA RE BIAS, 
Dee pe AS BS) AS iBY)\(A@ — iBP). 


There is a relation between T and U, which is of the Wronskian type: 


Toa U0. 


23 
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It is easy to see that the phase-shifts are not independent and satisfy some 
relations analogous to those given by Schwinger in the case of a real potential: 


exp [216#1,,] — exp [2109 ,.:] = exp [2105-1] — exp [2405 5-1]. 


It is convenient to use a matrix notation for the numerical computation 


of the wave function. 
The cross-sections are obtained from the phase-shifts by the usual formulae. 


Note added in proof. 


According to very recent and preliminary experimental results (private commu- 
nication from O. CHAMBERLAIN), there are indications for some scattering at 150 MeV; 
the elastic cross-section would lie between 40 and 80 mb. As it has been pointed 
out in the above paper, it is evident that the larger is the elastic cross-section, the 
less important is the needed imaginary potential. If the elastic cross-section happens 
to be of an order as large as 80 mb, the model of Ball and Chew would nicely explain 
the results, as it can be seen from Table II. 


IRATPASS SILENSR ONE) 


Le sezioni efficaci nucleone-antinucleone sono state calcolate a 167 MeV con due 
modelli a buca di potenziale complessa. Si sono prima studiate buche complesse di 
Yukawa in approssimazione di Born. Si è successivamente analizzato sull’ordinatore 
elettronico IBM 704 un potenziale semiteorico: la parte reale è il potenziale di Signel 
e Marshak adattato al problema nucleone-antinucleone, e la parte immaginaria una 
buca fenomenologica di Yukawa. Per render conto dei risultati sperimentali (grande 
sezione efficace totale e piccola sezione efficace di diffusione), risulta necessario che 
il potenziale reale sia debole e che il potenziale immaginario abbia un range almeno 
uguale a quello usuale delle forze nucleari. La teoria mesonica della sorgente fissa da 
un lato conduce a un potenziale reale troppo forte e d’altra parte non predice alcun 
potenziale immaginario; questa teoria non può render conto dei risultati sperimentali. 


(*) Traduzione a cura della Redazione, 
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(La responsabilità scientifica degli scritti inseriti in questa rubrica è completamente lasciata 
dalla Direzione del periodico ai singoli autori) 


On the Polarization of Electrons in u-Meson Decay. 


B. Jaxsié and J. SoLN 


Institute R. Boskovié and University of Zagreb - Zagreb, Yugoslavia 


(ricevuto 11 Febbraio 1958) 


In the recent paper by H. ÜBERALL (') the polarization of electrons emitted 
in u-meson decay has been calculated assuming the two-component theory for 
neutrinos. 

We should like to present in this note the result which follows from the Fermi 
interaction described by the Lagrangian (?) 


3 ri Sr! 9 
D) L= Y FDL) (LAG? + igh ys)%) + (BTP + ig hy) %) + 


k=1 
+ CET + ig? y) ue) JE Te à 
where YW, = OW,, P,= — ¥,0-1, O72 y40 = — yuT, I, = 1, Py = y4, Ts = (1/24/2)- 
eae PO EE VE Lg = Yo = EN any EEE 29e get, 


(R) 


The couplings proportional to the coupling constants g%, g®, gl, gl, k = 2,3, 
vanish identically. For real coupling constants such eo will be invariant 
under time inversion. In the following the mass of the neutrino is assumed to be zero. 

If we denote the direction of polarization of the meson at rest by À, |A|= À 
being the degree of polarization, the spin of the electron at rest by e, and the 
direction of emission of the electron by n = p/p, the transition probability in unit 
time for a u-meson at rest will be of the form 


1 (i nf DI 
(2) dw = Ca (™) F(A, e, n, x) || 1 — (2) edo dQ . 


Here x = 2E/m,, E= \/p? + m2, u = m,/m,, and F(A,e,n, x) is equal to 


(3) F(A, e,n, x) = f(x) + (e-A)f.(x) + (e-n)(A-nj)fs(x) + 
+ (e-n)f,(@) + (A-n)f,(x (e-Axn)fe(x 


(1) H. ÙUBrRALL: Nuovo Cimento, 8, 376 (1957). 

(2) After this paper was finished the work by KINOSHITA and SIRLIN on the same problem, 
published in Phys. Rev., 108, 844 (1957), came to our notice. Our results agree with theirs. Our 
formula (7), for ylæ<1 and A=1, is identical with their formula (3.1). Prof. DALLAPORTA kindly 
informed us that this problem was also considered by GaTro and LUDERS. 
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where the upper (lower) sign is for particles (antiparticles). For the Lagrangian (1) 
the functions f,(x) are as follows 


x 


2 2 sh 2006 
fila y= pate + (1428 + a, leto _ cia 
Il 8 u? di 2 2 a eee mK 

dba TEA) Plaga nani : 


3 


DELL f Il 2u 
n ia 


(4) 


1 Il 2u\2 
+ 261 beg nt) Cf) , 
2u\2 2 2u\2 
PARENT (2) 5 (1 22 + sun fa — (2) — 
= 
pet + en fn | *) . 
XL 


false) = (1-2 + 2) Vi (iui pesa 


The then parameters «; are (3) 


2; 2 

1 Sa ; 3 x 
2 2u\? 2u 

+ ah ( ee + pw?) |1——}], 
3 x a 
2 1 
= x 2)| ae 
I 
| 


RIE ie dl 210; 


(@) The combinations of coupling constants which appear here are invariant under the trans- 
formation considered by PAULI: Nuovo Cimento, 6, 204. (1957). 
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h 
where a = [g™ 24 ge, es SANT 
a = Re BR, af? = Im BR, of? = Re Bw, 06° = Imp, do = fas; 
he = gos nee 9%" q VERE 
gi = gi = go = gl = 0, k= 2,3. 


The polarization effects are given by the function F, which can also be written 
in the form: 


F=a+be, 
a = f,(x) + (A-n)f;(2), 
(nxXA)xn nxzr 
i Ly REE no 
(5) RA In xA| Toi in xA| SL 


b,=|nXX|fs(x) 
b, = —|nxÀ|fs(x) , 
bg = (A-1)(fo(7) Ar fa(æ)) + fa(x) « 


From this DES we see that the direction and the degree of polarization 
are given by b and |b//a, respectively. If the Lagrangian (1) is invariant under 
time inversion, f, = 0, so that b, = 0, i.e. the electron will be polarized in the 
scattering plane (4,7). The Michel parameter is given by 


DE 3(a% + %4) + Sag 
ay + 5 + 4(0, + 2) + Bay 


(6) 


If we denote the angle between A and n by 9 and neglect terms of higher order 
in w, but not in u/w, we obtain from (4) and (5) 


et er eee nl 
o EN EN — x) + (a, + 2) a Liga rk ae 


+ Co 5) 2(%, SAME SE 


2 1 i 2u\? 
* LOUP 2) +3 all — 27) + 5 ol + 2) | hee = 


A 
NI 
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1 
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à 2 2 4\2 
be = Ain 0 a — 2) +39) 1—(*) à 


1 1 1 
bg = À cos 6 Ae CANONS EN 22) oe 3 ae aay 


2 
Pr ts i) 3 (ca oof sE 


x 


2 i 1 i 2u\° 
aa Lat 2) + Zoo 5) + o =| — ww : 


The experimental knowledge of the polarization of electrons at all energies and 
angles, assuming the polarization of u-meson to be known, would enable us to 
determine the parameters x,. At present this is not possible since the experiments 
are far from being complete, particularly in the case of the electron polarization, 
where the situation is confusing. To decide whether the u-meson decay interaction 
is more general than as it is given by the two-component theory, it will be necessary 
to perform new experiments, particularly on the polarization. Here we should like 
to point out that even if the two-component theory would eventually explain the 
data on u-meson decay, this would not be, strictly speaking, the proof of its validity. 
This is due to the fact that the coupling constants 9g, g%’ are not uniquely deter- 
mined by the «,’s. 
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Two Components Spinor Equation. 


R. ASCOLI 


Istituto di Fisica dell Universita - Torino 
Istituto Nazionale di Fisica Nucleare - Sezione di Torino 


(ricevuto il 28 Febbraio 1958) 


We know that the general solution of the neutrino equation 


(1) Vu Out = 0, 


may be written: 


(2) y= y+ yo, 
where: 
(1 + ys) (I) 

3 = ; (E i; 
(3) y sani y 
satisfy 

Vu any “a 0 2 Vu up? = 0 > 
(4) 

(les y p> 0. (L+ y5)y? = 0. 


Moreover, with the usual representation of the y,’s, we may put: 


po p® 
(5) yd — È pr?) — : 
— pil) gp 


where g® and g‘® are two-components spinors satisfying: 


(6) (6-0 — 10,)9? = 0, (6:0 + id)g® = 0. 


1958 


The possibility of separating the neutrino equation into two-components equa- 
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tions may be also expressed by saying that, if y and y are arbitrary solutions, 


(7) p= (1+ ps)y®+ (1— y5)y 


is also a solution. 

Let us now search if it is possible to write a spinor equation of the kind of 
that introduced by HEISENBERG (1), having the above mentioned property (for- 
mula (7)) of the neutrino. equation. 

To obtain this we write an interaction Lagrangian which is the sum of two 
terms, one containing only (1+y,;)y and its conjugate y(1— y;), the other con- 
taining in the same form only (1—y;)y and its conjugate y(1+y;) (?). As it is 
clear from the analysis of Feynman and Gell-Mann, the only possible interaction 
Lagrangian having this property is (34). 


ee AA ee a ir. RES 
(8) Lis 9 (3 9 DU sant) + | Yu ri e ce SE 


so that the corresponding equation is: 


2 IE ab lo NAS E | 
(9) Vu Ou = lè @ ancy Mr, Ci ») Vu (2 VV u ae y a 


2 2 2 


It is clear that this equation has the property analogous to the one expressed 
by the formula (7), and therefore it may be reduced to two-components equations, 
analogously to the neutrino equation. With the positions (2) and (3) we obtain, 
instead of (4): 


Vi Ope + Py pO(yMy yo) = 0, 
(10') 


(1 — Ya)y® = 0, 


Vu Opp A Py papy ya) = 0, 
(10)” 


(Le) ve ae Oi 
With the positions (5) the equation (10’) becomes (5): 


(11) ilo:d — i %)p — (op: (p*o~) — p(p*p)) = 0, 


(*) For the bibliography on this subject see: W. HEISENBERG: Rev. Mod. Phys., 29, 269 (1957). 

() The interest of interactions containing only the quantities (1 + yvs)v or (1— y;)v has been 
specially pointed out by R. P. FEYNMAN and M. GELL-MANN: A theory 0 {the Fermi interaction (preprint). 

(*) The Lagrangian (8) or the right hand side of equation (9) have the property of being iden- 
tically equal to zero, if the field is not quantized, with anticommutators. This point will be dis- 
cussed particularly in the Appendix. È 

(4) The presence of scalar or pseudoscalar mass terms of the kind MyY or mypy;y is excluded 
by the same kind of arguments. 

(5) The equation derived from (10/) differs only for the sign before 0. 
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or explicitly with 


(12) | g = (DI 
Pa 


i(O, — id) + 003 — dp + 4ppip] = 0 , 
(13) 


i(0,+ i0)p + U(— 03 — Wp + 40p,[ 9791] = 0. 
Correspondingly the part of the interaction Lagrangian (8) containing p™ becomes: 


(14) — 1(p*op)(p*op) — (p*p)(p*p)) = 22(Gielpre2] + péplpioi]) - 


Therefore it seems possible to write a non linear two components spinor equation, 
provided the spinor field is quantized with anticommutators. It is easy to see 
that the (10’) or (11) or (13) is the only possible non linear two components spinor 
equation for quantized fields. In fact there are only four independent field variables, 
Op Oo Ors p*. After quantization the square of any one of them is 0, owing to 
{pit = 0 and so on. Now any interaction term more complicated than (8) will 
contain products of more than four field variables; therefore it shall either vanish 
or reduce itself to terms with no more than four field variables (9). Therefore, if 
the equation (10) or (11) or (13) has a meaning, it is the only possible two com- 
ponents non linear spinor equation (*). 

The Lagrangian (8) or (14) is invariant under the transformations: 


(15) y'= exp [i«]y, y'= exp [tays ly, y'= by;y°, ((o/2? = 1), 

but it is not invariant under the Pauli transformation 

(16) y= ap + bysy®, (a No En) 
for a= 0 and b #0. 


Therefore it has not all the invariance properties of the classical interaction 
Lagrangian 


A EE AA 
17 ; 
(17) (5 2 v)(5 2 ») 


that has been lately proposed by HEISENBERG as a basis for a theory of all ele- 
mentary particles; however it has, instead of the property (16), the property 


(5) Considerations of this kind have been used by W. E. THIRRING, in connection with his 
two dimensional spinor model: W. E. THIRRING: A soluble relativistic field theory (preprint). 

(7) Using a rather crude definition, let us call elementary particle a system the constituents 
of which may interact all at the same point. Then it follows from analogous considerations that 
elementary particles described by this spinor equation cannot have a spin greater than 1. 

(8) The only existing ambiguity is the sign before 1? which is matter of convention. 
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expressed by formula (7) or, what is the same, it is reducible to a two-components 
equation (%1°), 

For this reasons the equation (9) or (10) or (11) or (13) may be of interest for 
a theory of the elementary particles. 


* OK OK 


The author thanks Professor HEISENBERG for having made available his results 
before publication, and Professor WaraGHIN for his kind interest to this work. 


APPENDIX 


The Lagrangian (8) or (14) has the property of being identically zero if the field 
is not quantized, and it has no classical analogue. Let us verify directly the inva- 
riance of the Lagrangian (14) for proper Lorentz transformations in the simpler 
case in which the quantization is done with the Heisenberg method (!). Therefore 
we assume that all the field variables at a given time anticommute with each other 
and with themselves. Then (14) becomes: 


(A.1) L'= 8lpipipips - 
The proper Lorentz transformations give rise to transformations for the of 


the form 


(A.2) i To, 


where 2 is a 2X2 matrix of determinant 1 (11). Let us put: 


b E b 
(A.3) Z — ( | Gite) = iù; fo: ap, + P2> 
ae lol = cy, + do, . 


(*) Such an equation is simpler to handle than a four components equation, owing to the 
simpler algebra of the 0, matrices compared to the Yu matrices. 

(°) Another interesting spinor equation is obtained from the interaction Lagrangian (see note 
added in proof): 


(Pi = a} 1+ vs = IH = 1 + ys 1 — y 
L = = = + y Er 5 e 
; (27221677) 2 (#2, Corn EX > DE + VY 2 ») 


2 


Such an equation has all the invariance properties (15), (16), but it is not reducible to a two com- 
ponents equation. However it has the property of having solutions of the form 


(1) / p62) 

via ( Sa). vf) 
; a 

— pl) pd }? 


[these solutions are respectively the solutions of the systems (10’), (10") and are therefore obtained 
from the two components equation (11); but the sum of two solutions of this kind is no more a 
solution of the equation, as in the case of equation (9)]. 

(1) See for instance: W. PAULI: Handb. d. Phys., 1, 148 (1958). 
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Then.we have 
(A.4) pipi ps = (a*pf + b*pI) (ap, + by.) (c*~T + d*p3)(cp, + dp») - 


The only terms different from zero are those which do not contain twice the 
same field variable, owing to the anticommutativity. Therefore we have: 


(A.5) propos = atad*dpippigs + a*ba*epipygip + b*ac*dpip: gipo + 
+ b*be*cp*p.p*p, = p*ppip,(atad*d — a*bd*c — b*ac*d + b*be*c) = 


= péppYpo(a*d* (ad — be) — b*c*(ad — be)) = Pig p22 - 


Therefore the quantity pipe, is invariant under Lorentz transformations, 
when anticommuting algebra for the ’s, p*’s is used. It is immediately seen that 
it is not invariant if the g’s, p*’s are commuting quantities. In fact the right hand 
side of (A.4) contains for instance a term a*ac*eg*ppig, which has certainly not 
the form y*9,9*9,. 


Note added in proof. 


Meanwhile a preprint with the names of W. HgISeNBERG and W. PAUL: has ap- 
peared. Their work confirms the possibility of choosing the interaction Lagrangian (8) 
only in a theory quantized with anticommutators: indeed it is L'= H?(I, — I,), 
where J, and J, are defined by formula (7) and satisfy (8) or (9) of their work. 
Moreover the comparison with their work has led us to find an error of sign in 
the derivation of the Lagrangian of footnote (1°), so that the right formula is: 


ee els PURES RATE ee PUR SE Le = 
eles luis cu Vue ant NO Ce Y— Wu y = (PIV PV ps) » 


in agreement with the interaction Lagrangian proposed by HEISENBERG and PAULI. 
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to the Gravitational Forces (*). 


M. KAWAGUCHI 


Department of Physics, Purdue University - Lafayette, Indiana, U.S.A. 


(ricevuto il 5 Marzo 1958) 


Attempts have been made to explain 
the gravitational force in terms of the 
two neutrino exchange between two 
nucleons (12). CORBEN (3) compared the 
gravitational force with the force due 
to the two neutrino exchange by consi- 
dering fourth order perturbation theory 
with respect to the actual Fermi inter- 
actions. 


DI 


Hig. 1. 


In this note we do not try to explain 
the entire gravitational force in terms 
of a combination of the Fermi inter- 


(*) Assisted by contract with the Air Force 
Office of Scientific Research. 

(1) G. Gamow and E. TELLER: Phys. Rev., 
51, 289 (1937). 

() G. GAMOW: Phys. Rev., 71, 550 (1947). 

() H. C. CoRBEN: Nuovo Cimento, 10, 
1485 (1953). 


action, but we emphasize that the force 
due to the Fermi interaction should be 
discussed to determine if it is important 
as a small correction to the gravitational 
force. As is well known, the accuracy 
of the experiments on gravitational phe- 
nomena is extremely high, so that it is 
certainly desirable to check any small 
correction. 


in Pi M 


— Fourth order Feynman diagrams for the long range nuclear forces. 


First of all, we would like to discuss 
what would be expected if such a cor- 
rection were important. The possible 
Feynman diagrams for p-p, n-n, and 
p-n forces are given in Figs. la, 1b, 
and le, respectively. One can see that 
p-p and n-n forces are somewhat dif- 
ferent from the p-n forces, if the lepton 
number is conserved. This could be 
detected by astrophysical and geophys- 
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ical measurements, if such a charge 
dependent correction were sufficiently 
large. 

Fortunately, we can find the r de- 
pendence of this potential in the static 
limit, although it contains unrenormal- 
izable divergences which we do not try 
to remove here. Applying the method 
which was used to get the fourth order 
nuclear potential, we obtain our potential 
with a leading term proportional to 1/73, 
contrary to the l/r dependence pre- 
viously expected (°). Actually the po- 
tential V for the scalar Fermi couphng is: 


GE ik il FENTE : 
(1) We e ==" (infinite quantity 


he} mr 


with dimension em-8)?, 


where g is the Fermi coupling constant 
(10-49 erg cm). For other Fermi coup- 
lings the r dependence is essentially the 
same. It turns out, therefore, that this 
correction is quite small. 


Fig. 2. — Many body force diagram which gives 

long range force. Here a pair of proton and 

neutron which are bound by an electron are 
supposed to be in the same nucleus. 


Another example of a charge depen- 
dent correction is shown in Fig. 2. This 
correction occurs only for the interaction 
between pairs of p-n systems. The po- 
tential is again more singular than 1/r. 
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A higher singularity is also present 
for the simplest potential from weak 
coupling (shown in Fig. 3), which is an 


Fig. 3. — The simplest diagram for the weak 


long range force. 


exchange force between pion and muon. 
In the latter case the potential is 1/r?, 
namely : 


where g?/4rhc is the dimensionless coup- 
ling constant of (uvt). o and o are Dirac 
matrices. 

Our problem is quite different from 
the derivation of the Coulomb potential 
in the two neutrino theory of light (4), 
where it was necessary to introduce a. 
combination different from the Fermi 
interactions. Not discussed here are 
some questions on the » dependence 
which still remain if one introduces an 
artificial technique to remove infinities 
in the integral (°°). 

It is concluded that the Fermi inter- 
action does not produce any detectable 
correction to the gravitational force. 


(4) A. SOKoLoW: Physica, 5, 797 (1938). 

(5) P. BoccHIERI and P. GULMANELLI: 
Nuovo Cimento, 5, 1016 (1957). 

(8) P. GULMANELLI and 
Nuovo Cimento, 5, 1716 (1957). 
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Angular Correlation of Annihilation Radiation in Water, Ice and Mercury. 


P. CoLoMBiNo, S. DE BENEDETTI (*), I. DEGREGORI and L. TROSSI 


Istituto di Fisica dell’ Università - Torino 
Istituto Nazionale di Fisica Nucleare - Sezione di Torino 


(Ricevuto il 20 Marzo 1958) 


The angular correlation of the y-rays 
from positron annihilation is being inve- 
stigated with an apparatus similar to 
that of LANG and DE BENEDETTI (1). 
In our instrument (Fig. 1) the annihil- 
ation source and the counter slits are 


Photo multiplier 


Light pipe 
Plastic scintillant 


lit 2mm wide 


tained in a small open cell 11.5 em x 1 em, 
and bombarded with positrons from a 
source (1 mC of 22Na) situated a few mm 
above their surface. 

The coincidence circuit used has a 
resolving time of the order of 10-88. 


positron 


ros ii UUM 
(19 22 


annihilation PÒ i 
Uf, LL) 
MOVABLE 
COUNTER | _200m 200m COUNTER 
Fig. 1. — Vertical section of the apparatus (schematic). The distance between the source 


assembly and the detectors is not represented in scale. 


horizontal, in order to make possible 
the study of the annihilation from the 
liquid surfaces. The liquids are con- 


(*) Fulbright Scholar 1956-57; permanent 
address: Physics Department, Carnegie Institute 
of Technology, Pittsburgh 13, Pennsylvania, Pa. 

(*) G. LANG and S. DE BENEDETTI: Phys. 
Rev., 108, 914 (1957). 


As a first problem it was considered 
of some interest to investigate the an- 
gular correlation in water and ice (at 20 °C 
and —30 °C respectively), in order 
to study the effect of the change of 
state. It is known that the behaviour 
of positrons may be affected by melting: 
in the case of naphthalene the long 
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life 7, increases when one passes from 
the solid to the liquid phase, indicating 
a larger percentage of positronium in 


509 


this work we were informed that a 
similar result had been obtained at the 
University of Maryland (5). 


500 


400 


300 


200 


100 


o WATER 
o/CE 


1 3 


the liquid (?). 7, is larger in water than 
in ice (®) though no abrupt change in 
the number of triplet positronium is 
observed at the melting point (*). 

The experimental results obtained 
with water and ice are shown in Fig. 2. 
The central points have been repeated 
with an angular resolution of 0.5-10-? rad. 
The results are shown in Fig. 3. Con- 
trary to our expectations the curve 
referring to ice shows a sharp peak, of 
the kind usually associated with posi- 
tronium (5), while the liquid curve is 
more rounded. After the completion of 


S. 


(2) H. S. LANDER, BERKO and A. J. Zu- 
CHELLI: Phys. Rev., 103, 828 (1956). 

(3) R. E. BELL and R. L. GRAHAM: Phys. 
Rev., 90, 644 (1953). 

(4) R. T. WAGNER and F. ur 
Phys. Rev., 99, 593 (1955). 

(5) L. A. PAGE, M. HEINBERG, J. WAL- 
LAce and T. Trout: Phys. Rev., 98, 206 
(1955); A. T. STEWART: Phys. Rev., 99, 594 
(1955). 


HEREFORD: 


a 33 - Il Nuovo Cimento. 


all 


12 10 rad 


These observations are difficult to 
explain under the usual interpretation 


3 10? rad 


Fig. 3. 


(6) R. L. DE. ZAFRA and W. T. 


personal communication. 


JOYNER: 


510 P. COLOMBINO, S. DE BENEDETTI, I. DEGREGORI and L. TROSSI 


according to which both the peakedness 
of the angular distribution and the long 
mean life are attributable to thermal 
positronium. 


since in a metal the annihilation pro- 
perties depend almost exclusively on the 
free electrons and these do not change 
with the temperature. 


Measurements on liquid and solid 
Mercury (at 20°C and — 45°C respec- 
tively) gave the curve shown in Fig. 4. 

This element does not show any 
significant difference between liquid and 
solid state. This was to be expected 


Investigation is continuing on this 
problem and is extended to other 
substances. 

do 

We are grateful to Dr. L. MAJRONE 

for his very useful help in this work. 
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Proposal for a Distributed Regenerative Action to Extract 
the Beam from a Weak-Focusing Synchrotron 


2 Radial Oscillations 
3 Revolutions 


by Exciting the Resonance 


A. TURRIN 


Istituto Nazionale di Fisica Nucleare, Laboratori Nazionali del Sinerotrone - Frascati 


(ricevuto il 29 Marzo 1958) 


1. — Introduction. 


Till now the external electron beam has not been achieved in high energy cir- 
cular machines. Indeed, the regenerative (1°) solution is disadvantaged by the 
fact that the required nominal value of the regenerator strength is not obtainable 
in practice because of; 


i) the narrowness of the linear field region; 


ii) the form of the radial restoring force. 


The radial equation of motion may be written — neglecting terms of order a/R 
with respect to unity — 


d?x Via 
(atl) ao: | 3 (B,— By) =0, 2=r—R, 
0 
or 
d?2x = 
(1.2) age [1— n(x) Ja = 0, 
where 
x 
= 1 r OB, 
(U2) na) = — | n(x) dx; na) = = 
a 15%, or z=0 
0 
(1) A. V. CREWE and K. J. LE CouTEUR: Rev. Sci. Instr., 26, 725 (1955). 
(2) A. V. CREWE and J. W. G. GREGORY: Proc. Roy. Soc. London, A 232, 242 (1955). 
(3) A. V. CREWE and U. E. KRuSE: Rev. Sci. Instr., 27, 5 (1956). 
(4) J. L. Tuck and L. C. TENG: Phys. Rev., 81, 305 (1951). 
(5) K. J. LE COUTEUR: Proc. Phys. Soc., B 64, 1073 (1951). 
(5) S. COHEN and A. V. CREWE: CERN Symposium on High Energy Accelerator (1956), p. 140. 
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a 
This means that it is very difficult to obtain an (1/2) [n(æ) dx required value 
J 


having the following features: Nerturbea = COnSt >>1 only in a region of narrow 
angular width and only on one side of the equilibrium orbit. Equations (1.2), (1.2’) 
and their consequences are also valid for eyclotrons. 

We shall now trace out the possibility of an azimuthally distributed regenerative 
action to extract the circulating electron beam from a racetrack having the 
operating point [n,, L/R] in the neighborhood of the resonance line (for betatron 
oscillations): 2 radial oscillations/3 revolutions. (This is, for example, the case of 
the 1 GeV Frascati Synchrotron: <n)> = 0.61 designed field index value; four straight 
sections of lenght L/R=0.335; resonance field index value n,,,=0.635, R=360 cm). 

For a right investigation of the betatron oscillations stability from this point 
of view, the racetrack must be replaced by a Circular Synchrotron having the same 
periodicity for radial oscillations. 

For such a synchrotron the resonance <n)» value is n, = 3. The perturbing 
term most responsible for the radial oscillations growth is the non-linear term 
L(dn/dæ) 2%? sin 20 derived from an n(x, 0) of the form 


5 dn\"2 . 
(1.3) na, 0) =|-— 6] + | — ma Sina DAG) 
9 da 


where 
O = Nes — M = distance in field index from resonance. 


The equation of motion relative to this n(x, 0) can be solved analytically using 
the Krylov-Bogoliubov technique (?). 
One finds that the resonance buildup of radial oscillations is avoided for 


dn (1,2) 
(1.4) radial amplitude: (te) < 80. 
x 


(86 = 0.2 in the case of the Italian Synchrotron, and therefore we conclude that 
this machine lies within very satisfactory limits of stability). 


2. — The azimuthally distributed regenerative perturbation. 


We admit a beam cross section (at energies above 100 MeV) of about d = 2 cm 
in width by 1cm in height. The 100 +1000 MeV acceleration time being about 
2-:10-? s, the rise time of the proposed regenerative field lattice should be of the 
same order or shorter. 

By making use of the perturbation 


sù 5 
n(æ, 0) = (3 ) + e sin 20 when ips : 5 


(2.1) 


ta 5 È d 
n(x, 0) = pa — e sin 20 when DSi 


@) N. M. KRyLov and N. N. BocoLiuBov: Introduction to Non-Linear Mechanics (a free 
translation by S. LEFSCHETZ from two Russian monographs), Princeton University Press. 
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= ORF ay dn\ 12) d d 
(2.1) n(x, 0) = Ô sig 5 x sin 20 when vi <u<-, 


9 dx 2 


(8 > 0; 4 >e >|6]|) the desired buildup process can be achieved for radial oscillations 

ino increasing at the same time the axial oscillations. The (2.1) n(a, 0) required 

may be get by inserting the 7/2 wide regenerator field shown in Fig. 1 (« +n » region) 
As long as (1.4) is satisfied in the 

+d/2 radial extent, the amplitude of 

radial and axial oscillations remains 

bounded. Radial deflection begins when 

(dn/da)* is made to increase until (1.4) Beam width 

is violated. The increasing radial oscil- Siege 

lation carries the particles into the field 

lattice (2.1) (|a|=>d/2). When |x]ma 


meg 


differs from d/2 by a relatively large CORTE ee 
value (|%|max/(4/2) & 4) the equation of 
motion takes the simple form 


Fig. 1. 


d?2x ni 4 se DI | Î 00 
— ee ==" 6.0 SLT > 
ao \9 | ) | 
and only negligible errors are thus introduced. 
Solving this equation after the quoted procedure (7), the first approximation 
solution is 


(2.3) x(0) = a(0) sin [20 + D(0)], 
where 
d 
ST sil 3D (a(0) > 0), 
(2.4) 
dD € 3 
5 = 5e 008 39 +26. (0 < (0) <2x). 


The condition to be met to allow an efficient deflection is |o|< 1, where 
o = (32/2)(6/e). In this case the following results: Whatever the initial phase value 
(0) is, the oscillation tends to a constant phase value determined by 


| cos 3D, = — 0, 
(2.5) 
| sin 30, = + 4/1 — 0°, 
that is 
DEA) for o=— 1, 
TT 
DEEE for C—O 
6 
TT 
Do = 3 for ge st IE 
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This means that the maxima of this asymptotic solution can take place only within 
the azimuthal extent 


TE IT 3T bT 3T Ta 
- _ — and — — — 
4 2 4 4 2 4 
< | > < | > 
for o=4+ 1 = 0 o=—l o=+ 1 =") oe — 1 


Having discussed the stationary regime for the phase, we shall consider now the 
first equation of (2.4) for the amplitude. One obtains (e > 0) 


&o(0) = a(0) exp È V1— 0? | for (0) near to Da, 


a 

= 
SD 

& 
I 


a(0) exp = = V1 — 6? o for (0) opposite to D, , 
IT 
i.e. there is an unique stationary behaviour of oscillations, represented by 
e y |, |2 
(2) x(0) = a(0) exp & V1- 626] sin 3 04 Do. 
ZT 


It is clear that this is a triple turn extraction mode, and therefore the realizable 
gain is expressed by 


(2.8) g = exp [3ev1 — 0? |. 


By way of example, say <n)> = 0.61, L/R = 0.335 i.e. 6 = + 0.025. In this case 
in Fig. 2 g and A (= 2/2 —azimutal point at wich maximum occurs) are plotted 
versus 4 = (z/4)e. For n, = 0.66, 
L/R = 0.335 the results relative to 
g are the same, and A must be re- 
placed by — A. 

From the point of view of axial 
oscillations one can see that the 
particle is captured into a motion 
through a field structure of the form 
(for the Italian Synchrotron) 


2 3 6 


di 


DAS 4 IT 
(2.9) di ate CO -0—--|. 


The resulting equation of motion may 
be transformed into a Mathieu equa- 
Fig. 2. tion having divergent solutions (8) 


(8) N. W. Mc LACHLAN: Theory and Application of Mathieu Functions (Oxford Clarendon Press). 
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Qt 


only when e > 1.4. This, however, is not our case and vertical stability of motion 
is therefore mantained. 

The most disturbing terms for this ordinated buildup of radial oscillation (the 
linear damping term fw and the 1.3n(x, 6) variation) cannot invalidate the essential 
aspects of our extraction method when 


dn\42) | 
| & -a(0) |< 2.2% 
Av 


p< 0.47. 


These conditions seem reasonably weak. 
Finally, it seems that the proposed perturbation cannot excite other kinds of 
non linear resonances. 
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Recent experimental investigations 
on the nuclear photoeffect have shown 
the existence, at least for some nuclei, 
of a secondary maximum in the (y,n) 
cross section at a photon energy greater 
than the giant resonance one (!), and 
of a peak in the energy spectra of the 
photoneutrons, between 4 and 6 MeV, 
contributing about 10% to the total 
yield (2). 

Wilkinson’s theory (*) does not pre- 
dict such peaks: in particular the energy 
spectra of directly photoejected neutrons 
are expected, according to that theory, 
to be similar in form to those of the 
«evaporated » neutrons, with a some- 
what longer high energy tail. On the 
other hand Wilkinson’s theory correctly 
predicts the amount of directly photo- 
ejected nucleons (4) but such nucleons 
may also contribute to the high energy 


(!) F. FERRERO, R. MALVANO and C. TRI- 
BUNO: Nuovo Cimento, 6, 385 (1957). 

(?) G. CORTINI, C. MILONE et al.: Experi- 
mental results on Ta and Cr photoneutron spectra 
(to be published): private communication. 

(*) D. H. WILKINSON: Proc. Int. Conference 
on Nucl. Reactions, Amsterdam (July 1956); 
Physica, 22, 1039 (1956). 

(4) This is implied from the agreement of 
calculated and experimental ratio of proton 
emission to total absorption in the heavy ele- 
ments, as shown in (*) p. 1057. 


part only of the total yield (5), in dis- 
agreement with Wilkinson’s prediction 
on the energy spectra of those particles. 

In what follows we will attempt to 
understand the quoted new features of 
the nuclear photoeffect in the frame of 
Wilkinson’s theory with the additional 
hypothesis that directly photoemitted 
nucleons have to be observed, on the 
average, with the energy of the virtual 
Shell Model state whose properties their 
motion shares just before they leave the 
nucleus. We will take into account, of 
course, single particle dipole transitions 
also when they give a minor contribution 
to the giant resonance in the photon 
absorption cross section, but we will 
choose a somewhat qualitative definition 
of the relevant single particle level 
spectrum. 

To be more precise about this spec- 
trum, we point out that the basic Wil- 
kinson’s assumption, namely that the 
giant resonance is an effect of the 
grouping in energy of the 11 to 1741 
dipole transitions from saturated to 
unoccupied Shell Model levels, implies 
that Æ,, the giant resonance energy, 
gives the average energy difference bet- 


(5) F. FERRERO, A. O. HANSON, R. MALVANO 
and C. TRIBUNO: Nuovo Cimento, 4, 418 (1956). 
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ween the relevant levels, the lower one, 
in each pair, being known for a given 
nucleus from Shell Model considerations. 
The energy of the last filled level is 
roughly — E,, being E, the threshold 
energy either of the (y,n) reaction, for 
a neutron transition, or of the (y, p) 
reaction for a proton transition. 

Furthermore, it is well known that 
in the Nuclear Shell Model the spin- 
orbit splitting of l-levels must be taken 
into account, but this splitting is un- 
essential in Wilkinson’s theory: this 
amounts to say that one can safely 
assume the unoccupied levels to be 
splitted in the same way (and with the 
same strength parameter) as the oc- 
cupied ones. 

The previous remarks strongly sug- 
gest to introduce the further assumption 
that the relevant virtual level spectrum 
has the same features of the shell model 
one. This spectrum somehow interme- 
diate between that of the Isotropic 
Harmonic Oscillator Well and that of 
the Square Well with infinitely high 
walls, and with 1-levels splitted by spin- 
orbit coupling, may be assumed as a 
phenomenological one, in the sense that 
it gives the ordering and grouping of the 
stationary single particle levels in terms 
of which the shell theory explains so 
many regularities in nuclear phenomena. 

With the above outlined scheme, and 
by considering nuclei with no neutrons 
outside saturated shells, definite pre- 
dictions can be given about photo- 
neutrons yields and spectra. Nuclei 
with A less than 20 will not be con- 
sidered, being well known that in pro- 
cesses involving such nuclei «-particle 
effects may be important; nuclei with 
A around 150 also will not be consi- 
dered, owing to their usually strong 
deviation from spherical shape, and to 
possible effectiveness of collective mo- 
tions in the dynamics of their structure. 
In the range of A values between 20 
and, say, 110 (!!*In has a great electric 
quadrupole moment) some preliminary 
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calculations have been carried out by 
the present author and it seems that the 
existence of the peak around 5 MeV in 
the neutron energy spectra can be rea- 
sonably well explained. Such a peak is 
predicted in fact for 2000 DAVE On CENE, 
usually contributing about 12% to the 
total yield, and it is expected that nuclei 
with few protons less or with few neu- 
trons more than those quoted above 
willnot give significantly different results. 

Now, in order to test definitely the 
consistency of such an explanation it is 
worthwhile to investigate wether depar- 
tures from the general trend (with the 
peak around 5 MeV in the energy spectra) 
outlined just above, are expected on the 
basis of the present scheme. 

This happens to be the case for Rh: 
in fact it may be expected that, working 
with a bremsstrahlung spectrum with 
about 30 MeV maximum energy, the 
neutrons from the ‘j2Rh (y,n) process 
have a peculiar «fast» peak, in their 
energy spectrum, at 8.4 MeV contributing 
something as 6 or 8% to the total yield. 
The Rh photoneutron spectrum seems 
to be particularly interesting since the 
main contribution (84%) to its peculiar 
«fast » peak comes from the 1h,,, direct 
photoejected neutrons. 

The average energy of such neutrons 
is fixed, according to the present scheme, 
as follows: the most important contrib- 
ution to the photon absorption comes 
from the 1903 > 1h transition, and the 
energy difference between these levels 
is E,, = 16.5 MeV. The spin-orbit split- 
ting of the l-levels is expected to be 
~ (21+1)8 being (9) 8 ~ 1 MeV fornuclei 
around 160 and 6 — 1 MeV for nuclei 
around 28Pb: so we calculate that the 
energy difference between the 195} and 
19:/, levels will be ~ 6 MeV and that 
between the Ihyj. and 1h,, levels 
~ 7.25 MeV. The threshold energy 


(8) A. A. Ross, H. MARK and R. D. LAWSON: 
Phys. Rev., 102, 1613 (1956); 104, 401 (1956). 
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for the Rh(y,n) process being #, = 
= 9.35 MeV, the energy of the last 
filled level 19,2 is H(1g,/.) = —H#, = 
= — 9.35 MeV. For the energy of the 
lhuy virtual level one has the value 
E(1hy/.) = — 9.35 — 6+16.5 = 1.15 MeV 
what implies that one cannot see any 
direct emission peak in the photoneutron 
energy spectra due this level. For the 
energy of the Ih gj). level one has simply 
E(1hgj9)= E(1h,/2)+7.25=8.4 MeV. The 
amount of directly photoejected neutrons 
from this virtual level has been cal- 
culated according to Wilkinson’s theory. 
According to our choice of the relevant 


(7) Private communication by Prof, G. Cor- 
TINI. 


single particle level spectrum, directly 
emitted neutrons from other virtual 
levels will have an energy smaller than 
E(1h,j;) = 1.15 MeV or higher than 
E(1hsyj,) = 8.4 MeV. The proposed expe- 
riment on !*Rh is in progress in this 
laboratory (7). 


> 


I take a pleasure in thanking hearthly 
Prof. M. Cint and Prof. G. CoRTINI 
for many interesting discussions on theo- 
retical as well as experimental features 
of the photonuclear reactions, and Prof. 
G. CortINI, Prof. C. MILONE, and their 
Coworkers for communication and dis- 
cussion of experimental results (2), in 
advance of publication. 
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G. BOUDOURIS — Propagation Tropo- 
spherique — Centre de Documen- 
tation Universitaire (Place de la 
Sorbonne, 5) — Paris, 1957. 


Il libro in esame riferisce, principal- 
mente, i problemi relativi al calcolo del 
campo di un’antenna radio (schematiz- 
zata, spesso, mediante un dipolo hert- 
ziano) tenendo conto dell’influenza della 
terra, ma trascurando la ionosfera; pro- 
blemi d’importanza, non solo concet- 
tuale, ma anche pratica, perchè con la 
loro risoluzione è possibile determinare 
il cosiddetto raggio terrestre e di conse- 
guenza interpretare vari fenomeni delle 
radio-tramissioni. Il libro appare vera- 
mente molto opportuno, perchè su quei 
problemi esistono poche, e di solito 
incomplete, vedute d’insieme; inoltre 
l'A. prende in considerazione numerosi 
contributi russi, spesso non facilmente 
reperibili. Il volume è diviso in sette 
capitoli e in una appendice per le con- 
clusioni. I primi due capitoli hanno carat- 
tere introduttivo. Si considerano cioè 
questioni che potremmo dire classiche, 
trattate però con dovuta ampiezza e 
rigore, e cioè: propagazione per onde 
piane ordinarie ed evanescenti (che IPA, 
chiama dissociate) in un mezzo omo- 
geneo anche conduttore, fenomeni di 
riflessione e rifrazione, campo di un 
dipolo hertziano in un mezzo omogeneo 
e sue generalizzazioni, il principio di 
Huyghens, le zone di Fresnel, ecc. 


114 


Nei due capitoli successivi comincia 
la trattazione del campo di un dipolo 
elettrico e magnetico (schematizzazione 
di un’antenna a telaio) verticale o oriz- 
zontale, immerso in una atmosfera omo- 
genea, supponendo però la terra omo- 
genea e piana, cioè tale da occupare un 
semispazio. L'A. invece di adoperare le 
soluzioni esatte di Sommerfeld e Weyl 
(che espone solo alla fine del cap. IV) 
per poi procedere, come fanno vari autori, 
alla loro semplificazione, preferisce, se- 
guendo la scuola russa, partire dalla 
nozione di al contorno ap- 
prossimata (su cui ha riferito nel Suppl. 
Nuovo Cimento, 5, 71 (1957)) otte- 
nendo così direttamente le formule sem- 
plificate che si possono usare nei casi 
concreti. 

Il cap. V è dedicato al campo di un 
dipolo della terra sferica e omogenea, 
circondata da un’atmosfera pure omo- 
genea. Vengono esposte o riassunte le 
ricerche più importanti (POINCARÉ, WAT- 
SON, VAN DER Pot e BREMMER) sull’ar- 
gomento in discorso e non mancano 
accenni ai lavori più recenti. 

Nel capitolo successivo si trattano le 
questioni più complicate inerenti al caso 
della terra che si suppone, in generale, 
ancora piana, ma non omogenea, oppure 
al caso della terra ondulata per la pre- 
senza di colline, fabbricati, ecc. I risul- 
tati finora raggiunti, talvolta con metodi 
semi-empirici, sono esposti opportuna- 
mente coordinati. 


condizione 


Infine nell’ultimo capitolo si studia 
la propagazione qualora i’atmosfera sia 
resa non omogenea per effetto di difte- 
renze di temperatura o di condizioni 
meteorologiche. È esposta, in modo par- 
ticolare, la spiegazione dei cosiddetti 
«duct». La trasmissione per diffusione 
troposferica, forse per mancanza di 
spazio, è appena accennata. 

Naturalmente, alcuni degli argomenti 
sopra ricordati sono esposti solo somma- 
riamente, comunque il libro (opportuna- 
mente corredato da grafici, da valori 
numerici e da un’ampia bibliografia) ap- 
pare assai utile, non solo per i radio- 
tecnici, 
quei matematici che desiderano appro- 
fondire lo studio dei fenomeni elettro- 
magnetici. 


ma anche per quei fisici e per 


D. GRAFFI 


Year Book of the Physical Society, 
1957. The Physical Society, Lon- 
don, pagg. 132, 125. 6 d. 


L’annuario della Physical Society di 
Londra, uscito recentemente nella sua 
edizione 1957, contiene, come d’uso, oltre 
agli atti della Società, ai bilanci, ai ne- 
crologi e ad altre notizie di carattere 
interno, il testo o il riassunto di nume- 
rose lezioni e conferenze, tenute in spe- 
ciali occasioni. 

Il Presidente della Società, N. F. 
Morr, apre il volume con un lucido di- 
scorso sull’impiego di metodi fisici per 
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lo studio dei legami metallici; tra le illu- 
strazioni che accompagnano il testo, sono 
particolarmente interessanti alcune foto- 
grafie di tracce di dislocazione e piani 
di scorrimento. 

Tra gli altri argomenti trattati ricor- 
diamo, l’anno geofisico internazionale 
(H. SPENCER JONES), le meteoriti come 
fonte di informazione sull’origine del si- 
stema solare (H. C. Hurry), le misure 
della velocità della luce (1. ESSEN), i 
metodi di alta precisione usati presso il 
National Physical Laboratory per l'esame 
dei reticoli di diffrazione che hanno per- 
messo di constatare come le proprietà 
dei reticoli reali siano tutt'altro che uni- 
formi sull’intera superficie (J. GuILD), la 
storia dello sviluppo dei circuiti per il 
conteggio di impulsi (C. E. Wynn- 
WILLIAMS), la produzione e distribuzione 
dell’elio liquido in Inghilterra (E. MEN- 
DOZA) e finalmente la refrigerazione ma- 
gnetica continua, ottenuta a mezzo di 
una valvola termica, basata sulle pro- 
prietà dei superconduttori (J. G. DAUNT). 

G. D. RocHESTER e C. Ci BuTLER 
riassumono poi ampiamente nelle loro 
lezioni i risultati dei primi dieci anni di 
lavoro sugli iperoni e sui mesoni K, 
mentre le moderne tendenze degli studi 
nel campo dell’Acustica sono ricordate 
in una conferenza di E. C. RICHARDSON 
con particolare riguardo alle ricerche 
sulla impedenza acustica, sull’origine del 
rumore aerodinamico dei turbogetti e sul 
rilassamento molecolare a frequenze ul- 
trasonore. 
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